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SOME SHARP SOBOLEV REGULARITY FOR INHOMOGENEOUS
∞-LAPLACE EQUATION IN PLANE
HERBERT KOCH, YI RU-YA ZHANG AND YUAN ZHOU
Abstract. Suppose Ω ⋐ R2 and f ∈ BV loc (Ω)∩C
0(Ω) with |f | > 0 in Ω. Let
u ∈ C0(Ω) be a viscosity solution to the inhomogeneous ∞-Laplace equation
−∆∞u := −
1
2
2∑
i=1
(|Du|2)iui = −
2∑
i,j=1
uiujuij = f in Ω.
The following are proved in this paper.
(i) For α > 3/2, we have |Du|α ∈ W 1,2loc (Ω), which is (asymptotic) sharp
when α → 3/2. Indeed, the function w(x1, x2) = −x
4/3
1 is a viscosity
solution to −∆∞w =
43
34 in R
2. For any p > 2, |Dw|α /∈ W 1,ploc (R
2)
whenever α ∈ (3/2, 3 − 3/p).
(ii) For α ∈ (0, 3/2] and p ∈ [1, 3/(3 − α)), we have |Du|α ∈ W 1,ploc (Ω),
which is sharp when p→ 3/(3 − α). Indeed, |Dw|α /∈W
1,3/(3−α)
loc (R
2).
(iii) For ǫ > 0, we have |Du|−3+ǫ ∈ L1loc (Ω), which is sharp when ǫ → 0.
Indeed, |Dw|−3 /∈ L1loc (R
2).
(iv) For α > 0, we have
−(|Du|α)iui = 2α|Du|
α−2f almost everywhere in Ω.
Some quantative bounds are also given.
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1. Introduction
Let n ≥ 2 and Ω be a bounded domain (open connected subset) of Rn. In 1960’s, Aronsson
[2, 3, 4, 5] derived the ∞-Laplace equation
−∆∞u := −
1
2
(|Du|2)iui = −uiujuij = 0 in Ω (1.1)
as the Euler-Lagrange equation when absolutely minimizing the L∞-functional
F∞(u,Ω) = esssup
Ω
1
2
|Du|2.
Viscosity solutions to (1.1) as defined by Cradall et al [8] are called ∞-harmonic functions;
while by Aronsson [2, 3, 4, 5], an absolute minimizer is a local Lipschitz function which
minimizing F∞(v, V ) in any domain V ⋐ Ω. In this paper, vi denotes
∂v
∂xi
if v ∈ C1(Ω), and
the distributional derivation in direction xi if v ∈ L
2
loc (Ω), and vij =
∂2v
∂xi∂xj
if v ∈ C2(Ω).
Write Dv = (vi)
n
i=1, D
2v = (vij)
n
i,j=1 and D
2vDv = (vijvj)
n
i=1. We always use the Einstein
summation convention, that is, viwi =
∑n
i,j=1 viwi for vectors (wi)
n
i=1 and (vi)
n
i=1.
Jensen [14] identified ∞-harmonic functions with absolute minimizers, and moreover, es-
tablished their existence and uniqueness under Dirichlet boundary. Their regularity then
becomes the main issue in this direction. By [14], they are always local Lipschitz, and hence,
by Rademacher’s Theorem, are differentiable almost everywhere. Crandall-Evans [6] proved
their linear approximation property at each point, which means that for each sequence con-
verging to 0, one can find a subsequence admitting a tangential plane along it. Moreover,
for planar ∞-harmonic functions u, via a key observation from planar topology Savin [21]
proved their interior C1-regularity; later, the interior C1, α-regularity with 0 < α << 1/3
was established by Evans-Savin [10] and the boundary C1-regularity by Wang-Yu [22]. Re-
cently, we [15] obtained the Sobolev W 1,2loc -regularity of |Du|
α for α > 0, which is sharp when
α→ 0; moreover, we proved that the distributional determinant − detD2u is a nonnegative
Radon measure. For n-dimensional ∞-harmonic functions with n ≥ 3, Evans-Smart [11, 12]
obtained their everywhere differentiability via an approximation approach by exponential
harmonic functions.
On the other hand, Lu-Wang [19] considered the inhomogeneous ∞-Laplace equation
−∆∞u := −
1
2
(|Du|2)iui = −uiujuij = f in Ω, (1.2)
where f ∈ C0(Ω). Viscosity solutions to (1.2) are defined as in [8]. Assuming that f is
bounded and |f | > 0, for any g ∈ C0(∂Ω) Lu-Wang proved the existence and uniqueness
of viscosity solutions u ∈ C0(Ω) to (1.2) so that u = g on ∂Ω. We summarize in Section 2
the existence, uniqueness and also maximum principle used in current paper. But when f
changes sign, a counter-example was constructed in [19] to show that the uniqueness may
fail. Under f ≥ 0 or f ≤ 0, the uniqueness is still open. Similar results for inhomogeneous
normalized ∞-Laplace equation were established in [18, 20, 1] via different approaches.
The regularity of viscosity solutions to (1.2) is far from understood. If f ∈ C0(Ω), viscosity
solutions to (1.2) are known to be local Lipschitz; see [19, 16] and see also Lemma 2.4 below for
a quantative estimate. Lindgren [16] obtained their linear approximation property. Assuming
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additionally f ∈ C0,1(U), everywhere differentiability was established by Lindgren [16] (see
also [17]) via the approach of Evans-Smart [12].
The main purpose of this paper is to prove the following Sobolev regularity for inhomo-
geneous ∞-Laplace equations (1.2) in any domain Ω ⋐ R2. We say that f ∈ BV loc (Ω) if for
any U ⋐ Ω, we have
‖f‖BV (U) := sup
{∫
U
fΦii dx : Φ = (Φ
1,Φ2) ∈ C1c (U ;R
2), ‖Φ‖L∞(U) ≤ 1
}
<∞.
Theorem 1.1. Suppose Ω ⋐ R2 and f ∈ BV loc (Ω)∩C
0(Ω) with |f | > 0 in Ω. Let u ∈ C0(Ω)
be any viscosity solution to (1.2).
(i) For α > 3/2, we have |Du|α ∈W 1,2loc (Ω) and, ∀B := B(x,R) ⊂ 2B ⋐ Ω,∫
B
|D|Du|α|2 dx ≤ C(α)
1
R2
∫
2B
|Du|2α dx
+C(α)‖f‖BV (2B)
[
1
R
‖u‖C0(2B) + (R‖f‖C0(2B))
1/3
]2α−3
. (1.3)
If f ∈W 1,1loc (Ω) additionally, then we have∫
Ω
|D|Du|α|2ξ2 dx ≤ C(α)
∫
Ω
|Du|2α(|Dξ|2 + |D2ξ||ξ|) dx
+ C(α)
∣∣∣∣∫
Ω
fiui|Du|
2α−4ξ2 dx
∣∣∣∣ ∀ξ ∈ C2c (Ω). (1.4)
(ii) For 0 < α ≤ 3/2 and 1 ≤ p < 3/(3 − α), we have |Du|α ∈W 1,ploc (Ω).
(iii) For α > 3/2, we have |Du|2α−6 ∈ L1loc (Ω) and
|Du|2α−6 ≤
1
α
1
f2
|D|Du|α|2 a. e. in Ω.
(iv) We have
− (|Du|α)iui = α|Du|
α−2f a. e. in Ω ∀α > 0 (1.5)
and
|Du|τD|Du|α =
α
α+ τ
D|Du|α+τ a. e. in Ω ∀α, τ > 0. (1.6)
Below, we give an example to clarify the sharpness in Theorem 1.1. We also state a
Gehring type conjecture on the higher integrality of |D|Du|α| when α > 3/2, and moreover,
fully describe viscosity solutions to 1-dimensional inhomogeneous ∞-Laplace equations.
Remark 1.2. (i) Note that the function w(x1, x2) = −x
4/3
1 satisfies
−∆∞w =
43
34
in R2
in viscosity sense. A direct calculation gives that
|Dw(x)| = C|x1|
1/3 and |D|Dw|α(x)| = C(α)|x1|
−(3−α)/3 ∀x ∈ R2 \ {0}.
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The regularity of w leads to the sharpness in Theorem 1.1. Precisely, Theorem
1.1 (iii) is sharp in the sense that |Dw|2×(3/2)−6 = C|x1|
−1 /∈ L1loc (R
2). When α ∈
(0, 3/2], Theorem 1.1 (ii) is sharp in the sense that |D|Dw|α|3/(3−α) = C(α)|x1|
−1 /∈
L1loc (R
2). Theorem 1.1 (i) is (asymptotic) sharp in the sense that, for any p > 2,
|D|Dw|α|p = C(α)|x1|
−(3−α)p/3 /∈ L1loc (R
2) whenever α ∈ (3/2, 3 − 3/p), that is,
(3− α)p/3 ≥ 1.
(ii) For each fixed α > 3/2, note that |Dw|α ∈ W 1,ploc (R
2) for any p ∈ (2, 3/(3 − α)) if
α < 3 or for any p ∈ (2,∞] if α ≥ 3. Comparing with Theorem 1.1 (i), we pose the
following Gehring type conjecture.
Conjecture: Suppose Ω ⋐ R2 and f ∈ BV loc (Ω) ∩ C
0(Ω) with |f | > 0 in Ω. For
each α > 3/2 there exists some ǫα > 0 such that ǫα → 0 and |Du|
α ∈W 1,2+ǫαloc (Ω) for
all viscosity solutions u to (1.2).
If this conjecture is true, then one would conclude the C1- and C1,γ-regularity for
some γ > 0 of viscosity solutions to (1.2), which remains open now.
(iii) The function w given in (i) is essentially of dimension 1. Below we fully describe
viscosity solutions to inhomogenous ∞-Laplace equation in dimension 1:
− u′u′′u′ = f in I. (1.7)
where I ⋐ R is any open interval.
Without loss of generality, let I = (0, 1), and f ∈ C0(I) with |f | > 0 in I. If
u ∈ C0(I) is a viscosity solution to (1.7), then
u(t) = u(0) +
∫ t
0
[∫ s
0
[−3f(r)] dr − c
]1/3
ds ∀t ∈ I,
where c ∈ R is uniquely determined by the value u(1).
From above formula one can see that u ∈ C1,1/3(I) ∩W 2,ploc (I) ∩ C
2(I \ I0) with
p ∈ [1, 3/2), and u is strictly convex if f < 0 and strictly concave if f > 0. Here the
set I0 := {t ∈ I, u
′(t) = 0} contains at most one point, and if I0 contains some t0 ∈ I,
then
lim
s→t0
3[u(s)− u(t0)]
4(s− t0)4/3
= lim
s→t0
u′(s)
(s− t0)1/3
= [−3f(t0)]
1/3.
In particular, the conjecture in (ii) is true in dimension 1.
Moreover, |u′|−1 ∈ Lploc (I)∩C
1(I\I0) for any p ∈ (0, 3); |u
′|α ∈W 1,ploc (I)∩C
1(I\I0)
whenever α ∈ (0, 3) and p ∈ [1, 3/(3−α)); |u′|3 ∈W 1,∞loc (I)∩C
1(I \ I0); |u
′|α ∈ C1(I)
whenever α > 3. We also have (|u′|α)′ = −α|u′|α−4u′f everywhere in I \ I0 whenever
α ∈ (0, 3], and everywhere in I whenever α ∈ (3,∞). In particular, −u′′|u′|2 = f
everywhere in I \ I0.
Next, we compare Sobolev regularity in the case |f | > 0 with that in the case f ≡ 0.
Remark 1.3. The Sobolev regularity for viscosity solutions to (1.2) given in Theorem 1.1 and
the sharpness above are very different from that for planar ∞-harmonic functions (that is,
in the case f ≡ 0) by [15] as stated above. When considering W 1,2loc -regularity for |Du|
α, the
role of α = 3/2 in Theorem 1.1 plays the role of α = 0 for ∞-harmonic functions. When
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0 < α ≤ 3/2, Theorem 1.1 (ii)&(iii) have their own interest, and we have to treat them
separately. Moreover, consider w˜ǫ(x) = x
4/3
1 − ǫx
4/3
2 with ǫ ∈ (−1, 1), which satisfies
−∆∞w˜
ǫ = (1− ǫ3)
43
34
> 0 in R2
in viscosity sense. Note that − detD2w˜ǫ is nonnegative when ǫ > 0 and nonpositive when
ǫ < 0. This reveals that the distributional determinant for viscosity solutions to (1.2) may
change sign, and hence, behave much more complicated than ∞-harmonic functions.
We also list some relations between (i) to (iv) of Theorem 1.1.
Remark 1.4. (i) Theorem 1.1 (iii) follows from Theorem 1.1 (i)&(iv); hence, to obtain
Theorem 1.1, it suffices to prove Theorem 1.1 (i),(ii)&(iv). Indeed, by (1.5) with
α = 2 and |f | > 0 in Ω, we know that |Du| > 0 a. e. in Ω. For any α > 3/2, by (1.5)
again, we have
|Du|2α−6 = |Du|−2
1
α2f2
[(|Du|α)iui]
2 ≤
1
α2
1
f2
|D|Du|α|2 a. e. in Ω.
By Theorem 1.1 (i), we conclude |Du|2α−6 ∈ L1loc (Ω), that is, Theorem 1.1 (iii).
(ii) For 0 < α ≤ 3/2 and 1 ≤ p < 3/(3 − α), no quantative estimates for |D|Du|α|p is
given in Theorem 1.1 (ii). Via Theorem 1.1 (i)&(iv), there is a pointwise estimate for
|D|Du|α|p as follows: letting β ∈ (3/2, 3/p − 3/2 +α), by 3 + (α− β)p/(2− p) > 3/2
and Ho¨lder’s inequality we have
|D|Du|α|p = (β/2)p|Du|(α−β)p|D|Du|β |p
≤ C(α, β, p)[|D|Du|β |2 + |Du|2(α−β)p/(2−p)]
≤ C(α, β, p)[|D|Du|β |2 +
1
f2
|D|Du|(α−β)p/(2−p)+3|2] a. e. in Ω.
Now we sketch the ideas for the proof of Theorem 1.1. Up to considering −u and −f , in
the sequel we always assume f ∈ BV loc (Ω) ∩ C
0(Ω) and f > 0 in Ω. Given arbitray U ⋐ Ω,
write ǫU =
1
4 min{dist (U, ∂Ω), 1}, and let f
ǫ ∈ C∞(U) with ǫ ∈ (0, ǫU ] be the standard
smooth mollifications of f .
In Section 3, as motivated by Evans (see [9, 13, 11, 12, 15]) in the case f ≡ 0 and by
[16, 17] in the case f ∈ C0,1(Ω), we consider the following approximation to equation (1.2):
For ǫ ∈ (0, ǫU ], let u
ǫ ∈ C∞(U) ∩C(U) be a solution to the equation
−∆∞u
ǫ − ǫ∆uǫ = f ǫ in U ; uǫ|∂U = u|∂U .
Recall that a uniform C0(U )-estimate and a uniform boundary regularity estimate for uǫ were
established in [16, 17]; see Lemma 3.1. Assuming f ∈W 1,qloc (Ω) with q ∈ (1,∞] in additional,
and observing in Lemma 3.2 the crucial identity
|D2uǫDuǫ|2 = −ǫ(∆uǫ)2 − f ǫ∆uǫ − |Duǫ|2 detD2uǫ in U (1.8)
(see also [15] when f ≡ 0), we establish the following uniform Sobolev estimates in Section 3.
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• By (1.8), we show in Lemma 3.3 that, for any ball B ⋐ U , the L2(B)-norms of
|D|Duǫ|2||uǫ| + |uǫ|3 are uniform bounded in ǫ > 0; see Section 6 for the proof.
Together with Sobolev’s imbedding and f ∈ W 1,qloc (Ω), this implies that for any p ∈
[1,∞), uǫ ∈W 1,ploc (U) uniformly in ǫ > 0; see Lemma 3.4. When q =∞, it was proved
in [16, 17] that uǫ ∈ W 1,∞loc (U) uniformly in ǫ > 0, which is still unavailable when
q <∞, see Remark 3.5.
• By (1.8), we establish some Sobolev estimates for |Duǫ|α or (|Duǫ|2 + κ)α/2 which
are uniform in ǫ > 0. Precisely, when α ∈ {2} ∪ [3,∞) we show that W 1,2(B)-
norms of |Duǫ|α are bounded in terms of L2(2B)-norms of themselves, integral of
f ǫi u
ǫ
i |Du
ǫ|2α−3 and some error terms; while when α ∈ (3/2, 2) ∪ (2, 3), for κ > 0,
similarW 1,2loc -estimates for (|Du
ǫ|2+κ)α/2 are established; see Lemma 3.6 whose proof
is given in Section 6. Together with f ∈W 1,qloc (Ω), we show in Lemma 3.7 that when
α ∈ {2}∪[3,∞), |Duǫ|α ∈W 1,2loc (U) uniformly in ǫ > 0; when α ∈ (0, 2)∪(2, 3), for each
κ > 0, |Duǫ|2+κ)α/2 ∈W 1,2loc (U) uniformly in ǫ > 0; when α ∈ (3/2, 2)∪(2, 3), for any
V ⋐ U ; lim supǫ→0 ‖D(|Du
ǫ|2 + κ)α/2‖L2(V ) is uniformly bounded in κ ∈ (0, 1); when
α ∈ (0, 3/2] and p ∈ [1, 3/(3−α)), for any V ⋐ U , lim supǫ→0 ‖D(|Du
ǫ|2+κ)α/2‖Lp(V )
is uniformly bounded in κ ∈ (0, 1).
• By (1.8), we establish an integral flatness for uǫ, see Lemma 3.9 whose proof is given
in Section 6. This is crucial to clarify the pointwise limit of |Duǫ|2 as ǫ → 0 in
Section 4. Here and below, by an integral flatness for v we mean that for any linear
function P , the L2(B)-norm of 〈Dv,Dv −DP 〉|Dv|3 are controlled by L2(2B)-norm
of |v−P |2 times some extra terms (say L2(2B)-norm of D|Duǫ|2 and local integration
of f ǫi u
ǫ
i |Du
ǫ|4 in the case uǫ).
In Section 4, we prove Theorem 1.1 and an integral flatness for u when f ∈W 1,qloc (Ω) with
q ∈ (1,∞] additionally. To this end, we derive the following crucial convergence properties
from uniform Sobolev estimates in Section 3.
• We first derive uǫ → u in C0(U) as ǫ→ 0 in Lemma 4.1 from uǫ ∈W 1,ploc (U) uniformly
in ǫ > 0 by Lemma 3.4, the uniform boundary estimates in [16, 17] and the uniqueness
in [19].
• We show in Lemma 4.3 that, as ǫ → 0, |Duǫ|2 → |Du|2 in Lploc (U) and weakly
in W 1,2loc (U), and u
ǫ → u in W 1,ploc (U) for any p ∈ [1,∞). Since |Du
ǫ|2 ∈ W 1,2loc (U)
uniformly in ǫ > 0 as given by Lemma 3.7, we know that |Duǫ|2 converges to some
function h in Lploc (U) for all p ≥ 1 and weakly in W
1,2
loc (U) as ǫ → 0 (up to some
subsequence). Via the integral flatness for uǫ given by Lemma 3.9, and some care-
ful but tedious analysis around Lebesgue points, we prove that |Du|α = h almost
everywhere, and hence uǫ → u in W 1,ploc (U) for all p ≥ 1.
• Moreover, when α ≥ 3, since |Duǫ|α ∈ W 1,2loc (U) uniformly in ǫ > 0 as given by
Lemma 3.7, by uǫ → u in W 1,ploc (U) for all p ∈ [1,∞) as ǫ → 0, we show in Lemma
4.3 that |Duǫ|α → |Du|α in Lploc (U) for all p ≥ 1 and weakly in W
1,2
loc (U) as ǫ → 0.
Similarly, by Lemma 3.7 we also show in Lemma 4.3 that when α ∈ (0, 2) ∪ (2, 3)
and κ > 0, (|Duǫ|2 + κ)α/2 → (|Du|2 + κ)α/2 in Lploc (U) for all p ≥ 1 and weakly in
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W 1,2loc (U) as ǫ→ 0; when α ∈ (3/2, 2) ∪ (2, 3), (|Du|
2 + κ)α/2 → |Du|α in Lploc (U) for
all p ≥ 1 and weakly in W 1,2loc (U) as ǫ→ 0; when α ∈ (0, 3/2] and p ∈ (1, 3/(3 − α)),
(|Du|2 + κ)α/2 → |Du|α in Ltloc (U) for all t ≥ 1 and weakly in W
1,p
loc (U) as ǫ→ 0.
With the aid of Lemma 4.3, we are able to conclude Theorem 1.1 from Sobolev estiamtes of
|Duǫ|α or (|Duǫ|2+κ)α/2 given in Lemma 3.6. From Lemma 3.6 again, Sobolev convergence in
Lemma 4.3 and the integral flatness for uǫ in Lemma 3.9, we also deduce an integral flatness
for u in Lemma 4.4.
In Section 5, we prove Theorem 1.1 when f ∈ BV loc (U) ∩ C
0(U). In this case, the
above approach fails since the uniform W 1,∞loc (U)-estimates of u
ǫ is unavailable as indicated
by Remark 3.5. Note that we do need the uniform W 1,∞loc (U)-estimates of u
ǫ to obtain
uniform W 1,2loc (U)-estimates of |Du
ǫ|α and hence to prove Theorem 1.1; for example, since
f ǫ only have uniform BV (U)-estimates, we need the uniform W 1,∞loc (U)-estimates of u
ǫ to
get uniform estimates of the term
∫
U f
ǫ
i u
ǫ
i |Du
ǫ|ξ2 dx in Lemma 3.6, and hence, to obtain the
uniform W 1,2loc (U)-estimates of |Du
ǫ|2. Therefore, new ideas are required.
Instead of the above approach, we consider an approximation by∞-Laplace equations with
smooth inhomogeneous terms. That is, for each δ ∈ (0, ǫU ], let uˆ
δ be the viscosity solution
to the approximation equations
−∆∞uˆ
δ = f δ in U, uˆδ = u on ∂U.
Since f δ is smooth, as proved in Section 4, Theorem 1.1 and also the flatness in Lemma 4.4
hold for uˆδ. Moreover, by Lemma 2.4, we have uˆδ ∈ C0,1(U) uniformly in δ > 0.
Recall that, as proven by [19], uˆδ → u in C0(U) as δ → 0. Since (1.4) holds for uˆδ, by
estimating
∫
U uˆ
δ
i f
δ
i |Du|
2α−3ξ2 dx via C0,1(U)-norms of uˆδ and BV (U)-norms of f δ, for any
α > 3/2 we conclude uniform W 1,2loc (U)-estimates of |Duˆ
δ|α. By this and the integral flatness
of uˆδ as given by Lemma 4.4, we are able to show that |Duˆδ|α → |Du|α and uˆδ → u in
W 1,ploc (U) for all p ≥ 1 as δ → 0, see Lemma 5.1. This allows us to conclude Theorem 1.1
from (1.4), uniform C0,1(U)-estimates of uˆδ and uniform BV (U)-estimates of f δ. Theorem
1.1 then follows.
Finally we make some convention. Denote by C an absolute constant (independent of
main parameters) and by C(a, b, · · · ) a constant depending the parameters a, b, · · · . Write
B(x, r) for a ball centered at x and with radius r > 0, B(x, r) as the closure of B(x, r),
and CB(x, r) = B(x,Cr) for C > 0. The notation V ⋐ U means that V is compact and
V ⊂ U . We write dist (x, F ) = infy∈F |x − y| and dist (E,F ) = infx∈E dist (x, F ). Denote
by C0(E) the collection of continuous functions on a set E ⊂ R2. For k ≥ 1, Ck(U) consists
of functions u on an open set U ⊂ R2 such that Du ∈ Ck−1(U); C∞(U) := ∩k∈NC
k(U).
Write Ckc (U) denotes the class of functions in C
k(U) which compactly supported in U . For
k ∈ N ∪ {0} and γ ∈ (0, 1], Ck,γ(U) denotes the collection of Ho¨lder continuous function of
order γ. For p ≥ 1, Lp(U) denotes the p-th integrable Lebesgue space; L∞(U) as the space of
essentially bounded functions. For 1 ≤ p ≤ ∞, Lploc (U) is the collection of functions v such
that v ∈ Lp(V ) for all V ⋐ U . For 1 ≤ p ≤ ∞, W 1,p(U) is the first order p-th Sobolev space,
that is, the set of functions v on U whose distribbutional derivatives Dv ∈ Lp(U); similarly
define W 1,ploc (U). We also write W
1,∞(U) as C0,1(U).
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2. Some facts for inhomogeneous ∞-Laplace equations
We recall several facts about the inhomogeneous ∞-Laplace equation. Suppose that f ∈
C0(Ω), and let u be a viscosity solution to −∆∞u = f in Ω. Up to considering −u and −f ,
we may assume that f > 0. Notice that u− a for arbitrary a ∈ R is also a viscosity solution.
See [19] for the following maximum principle (Lemma 2.1), uniqueness (Lemma 2.2), and
stability (Lemma 2.3).
Lemma 2.1. For any U ⋐ Ω, we have
max
U
|u| ≤ C(‖u‖C0(∂U), ‖f‖C0(U)).
Lemma 2.2. Let U ⋐ Ω and assume |f | > 0 in U . If v ∈ C(U) is a viscosity solution to
−∆∞v = f in U ; v = u on ∂U,
then v = u in U .
Lemma 2.3. Let U ⋐ Ω and assume |f | > 0 in U . For δ ∈ (0, 1], let f δ ∈ C0(U ) such that
f δ → f in C0(U), and let uˆδ ∈ C0(U ) be a viscosity solution to
∆∞uˆ
δ = f δ in U ; uˆδ = u on ∂U.
Then uˆδ → u in C0(U).
Moreover, it is known that u ∈ C0,1(Ω), see [19, 16]. The following quantative estimates
essentially follow from [16].
Lemma 2.4. For any ball B ⊂ 2B ⋐ Ω with radius R, we have
‖u‖C0,1(B) ≤ C
1
R
‖u‖C0(2B) + C(R‖f‖C0(2B))
1/3.
Proof. Up to some translation and scaling, we may assume that B = B(0, 1/2), and it suffices
to prove that
‖u‖C0,1(B) ≤ C‖u‖C0(2B) + C‖f‖
1/3
C0(2B)
.
Consider the function
u˜(x, x3) =
u(x)
41/3‖f‖
1/3
C0(2B)
+ 5x3
on 2B×R. Note that ∆˜∞u˜ = f˜ in 2B×R, where ∆˜∞ is the 3-dimensional ∞-Laplacian and
|f˜(x, x3)| = |f(x)|/4‖f‖C0(2B) < 1/2.
Note that for each x˜ ∈ B˜ = B((0, 0), 1/2) and each r < 1 − |x˜|, we have ±L±r (u˜, x˜) ≥ 5,
where
L+r (u˜, x˜) := sup
∂B(x˜,r)
u˜(y˜)− u˜(x˜)
r
and L−r (u˜, x˜) := inf
∂B(x˜,r)
u˜(y˜)− u˜(x˜)
r
.
As proved in [16, Corollary 1], for x˜ ∈ B˜ the function r ∈ (0, 1/2) → ±L±r (u˜, x˜) + r is
increasing. Thus for x˜ ∈ B˜,
|Du˜(x˜)| ≤ max{L+1/2(u˜, x˜),−L
−
1/2(u˜, x˜)}+
1
2
.
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This yields
‖u˜‖C0,1(B˜) ≤ ‖u˜‖C0(2B˜)
+
1
2
≤ 4−1/3‖f‖
−1/3
C0(2B)
‖u‖C0(2B) + 11,
which further implies
‖u‖C0,1(B) ≤ 4
1/3‖f‖
1/3
C0(2B)
‖u˜‖C0,1(B˜) ≤ C‖u‖C0(2B) + C‖f‖
1/3
C0(2B)
as desired. 
3. Uniform estimates for approximation equations when
f ∈ (∪q>1W
1,q
loc (Ω)) ∩C
0(Ω)
Suppose Ω ⋐ R2, and f ∈ W 1,qloc (Ω) ∩ C
0(Ω) for some q > 1 with f > 0 in Ω. Let U ⋐ Ω
and ǫU := min{
1
4 dist (U, ∂Ω), 1}. For each 0 < ǫ < ǫU , write
f ǫ(x) =
∫
Ω
f(x− z)
1
ǫ2
ϕ(
z
ǫ
) dz ∀x ∈ U,
where ϕ ∈ C∞c (B(0, 1)), 0 ≤ ϕ ≤ 1 and
∫
R2
ϕ(z) dz = 1. The following simple facts are used
quite often: for all ǫ ∈ [0, ǫU ] and U˜ = {x ∈ Ω, dist (x, ∂Ω) > 2ǫU},
‖f ǫ‖C0(U) ≤ ‖f‖C0(U˜)
and ‖f ǫ‖W 1,q(U) ≤ ‖f‖W 1,q(U˜ );
moreover, for all B = B(x,R) ⋐ U and ǫ < min{R, ǫU},
‖f ǫ‖C0(B) ≤ ‖f‖C0(2B) and ‖f
ǫ‖W 1,q(B) ≤ ‖f‖W 1,q(2B).
For each ǫ ∈ (0, ǫU ], let u
ǫ ∈ C∞(U) ∩ C(U) be a solution to
−∆∞u
ǫ − ǫ∆uǫ = f ǫ in U ; uǫ = u on ∂U ; (3.1)
see for example [17] for the existence of such uǫ. The following uniform estimates and bound-
ary uniform estimates of uǫ follows from [16, 17].
Lemma 3.1. We have
sup
ǫ∈(0,ǫU ]
max
U
|uǫ| ≤ C(‖u‖C(∂U), ‖f‖C0(U˜)
);
and there exists γ ∈ (0, 1) such that
sup
ǫ∈(0,ǫU ]
∣∣uǫ(x)− u(x0)∣∣ ≤ C(‖f‖
C0(U˜)
)|x− x0|
γ , ∀ x ∈ U, x0 ∈ ∂U.
The following identity is crucial to establish uniform Sobolev estimates of uǫ and |Duǫ|α.
Lemma 3.2. For each ǫ ∈ (0, ǫU ) we have
(− detD2uǫ)|Duǫ|2 = |D2uǫDuǫ|2 + ǫ(∆uǫ)2 + f ǫ∆uǫ in U. (3.2)
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Proof. The equality (3.2) follows from −∆∞u
ǫ = ǫ∆uǫ + f ǫ and the following equality
(− detD2v)|Dv|2 = |D2vDv|2 −∆v∆∞v ∀v ∈ C
∞(U).
This equality was observed in [15]; the details is given for reader’s convenience as below:
|D2vDv|2 = (v1v11 + v2v12)
2 + (v1v21 + v2v22)
2
= v11[(v1)
2v11 + 2v1v2v12] + v22[(v2)
2v22 + 2v1v2v12] + [v12)
2((v1)
2 + (v2)
2]
= (v11 + v22)∆∞v − v11v22[(v2)
2 + (v1)
2] + (v12)
2[(v1)
2 + (v2)
2]
= ∆v∆∞v + (− detD
2v)|Dv|2.
This completes the proof of Lemma 3.2. 
Associated to such uǫ, we introduce a functional Iǫ on Cc(U) defined by
Iǫ(φ) =
∫
U
− detD2uǫφdx ∀φ ∈ Cc(U).
By Lemma 3.2 we write
Iǫ(ψ|Du
ǫ|2) =
∫
U
|D2uǫDuǫ|2ψ dx+ ǫ
∫
U
(∆uǫ)2ψ dx+
∫
U
f ǫ∆uǫψ dx ∀ψ ∈ Cc(U). (3.3)
In particular, we have∫
U
− detD2uǫ|Duǫ|2ψ dx ≥
∫
U
f ǫ∆uǫψ dx ∀0 ≤ ψ ∈ Cc(U).
On the other hand, for any v ∈ C∞(U) the determinant detD2v is actually of divergence
form, that is,
− detD2v = −
1
2
div(∆vDv −D2vDv) in U.
We further write
Iǫ(φ) =
1
2
∫
U
[∆uǫuǫiφi − u
ǫ
iju
ǫ
jφi] dx ∀φ ∈W
1, 2
c (U) (3.4)
Letting φ = |Duǫ|2(uǫξ)2 in (3.4) we obtain the following estimates. The proof is postponed
to Section 6.
Lemma 3.3. For any ξ ∈ C2c (U), we have∫
U
|D2uǫDuǫ|2(uǫ)2ξ6 dx+
∫
U
|Duǫ|6ξ6 dx
≤ C
∫
U
|uǫ|6(|Dξ|2 + |D2ξ||ξ|)3 dx+ C
∫
U
ξ6(f |uǫ|)3/2 dx+C
∣∣∣∣∫
U
f ǫi u
ǫ
i(u
ǫ)2ξ6 dx
∣∣∣∣
+ Cǫ3
∫
U
ξ6 dx+ Cǫ3/2
∫
U
|Dξ|α+1(uǫ)3ξ3 dx.
From Lemma 3.3 and the Sobolev imbedding we conclude the following uniform local
Sobolev estimates of uǫ.
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Lemma 3.4. For each 1 ≤ p <∞, we have uǫ ∈W 1,ploc (U) uniformly in ǫ > 0, and moreover,
sup
ǫ∈(0,ǫU ]
‖Duǫ‖Lp(B) ≤ C(p, q, osc
2B
u, ‖f‖C0(2B), B, ‖Df‖Lq(2B)) ∀B ⊂ 2B ⋐ U. (3.5)
Proof. By the Ho¨lder inequality, it suffices to consider all p sufficiently large such that 2p/(2p−
1) ≤ q. Up to considering uǫ − a and u − a for a ∈ R, we may assume that 1 ≤ uǫ ≤ M for
all ǫ ∈ (0, ǫU ]. By Lemma 3.3, for any 0 ≤ ξ ∈ C
2
c (U) we have∫
U
|D2uǫDuǫ|2ξ6 dx+
∫
U
|Duǫ|6ξ6 dx
≤ CM6
∫
U
(|Dξ|6 + |D2ξ|3ξ3) dx+ CM2
∫
U
|Duǫ||Df ǫ|ξ6 dx+ Cǫ2
∫
U
|Dξ|2 dx.
Therefore for any ball B ⋐ 2B ⋐ U , let ξ be a cut-off function supported in 2B such that
ξ = 1 on B, |Dξ| ≤ CR and |D
2ξ| ≤ C
R2
, where R is the Radius of B. We obtain∫
U
|D2uǫDuǫ|2ξ6 dx+
∫
U
|Duǫ|6ξ6 dx ≤ C(‖f‖L∞(U),M,B) + C(M)
∫
U
|Duǫ||Df ǫ|ξ6 dx.
By Sobolev’s imbedding, we obtain[∫
2B
(|Duǫ|2ξ3)p dx
]2/p
≤ C(p,B)
∫
2B
|D(|Duǫ|2ξ3)|2 dx
≤ C(p,B)
∫
2B
|D|Duǫ|2|2ξ6 dx+ C(p,B)
∫
2B
|Dξ|2|Duǫ|4ξ4 dx
≤ C(p,B)
∫
2B
|D2uǫDuǫ|2|2ξ6 dx+C(p,B)
∫
2B
|Duǫ|6ξ6 dx+C(p,B)
≤ C(p, ‖f‖C0(U),M,B) + C(p,M)
∫
2B
|Duǫ||Df ǫ|ξ6 dx.
Since ∫
2B
|Duǫ||Df ǫ|ξ6 dx
≤
[∫
2B
|Duǫ|2pξ3p dx
]1/2p [∫
2B
|Df ǫ|(2p−1)/2p dx
]2p/(2p−1)
≤
1
2
[∫
2B
|Duǫ|2pξ3p dx
]2/p
+ C(p,M)
[∫
2B
|Df ǫ|2p/(2p−1) dx
]2(2p−1)/3p
,
by 2p/(2p − 1) < q we arrive at[∫
2B
(|Duǫ|2ξ3)p dx
]2/p
≤ C(p, f,M,B) + C(p,M)
[∫
2B
|Df ǫ|2p/(2p−1) dx
]2(2p−1)/3p
≤ C(p, f,M,B) + C(p, q,M,B)
[∫
2B
|Df ǫ|q dx
]4/3q
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≤ C(p, q, ‖f‖C0(U),M,B, ‖Df‖Lq(2B)).
This finishes the proof of Lemma 3.4. 
Remark 3.5. (i) Under f ∈W 1,∞loc (Ω), it was proved by [16, 17] via the maximal principle
that uǫ ∈W 1,∞loc (U) uniformly in ǫ > 0; see [11] for the case f ≡ 0. This implies Lemma
3.4. But when f /∈W 1,∞loc (Ω), the approach in [11, 16, 17] via maximal principle fails.
(ii) Under f ∈ W 1,qloc (Ω) ∩ C
0(Ω) with q ∈ (1,∞), Lemma 3.4 only gives the uniform
W 1,ploc (U)-estimates of u
ǫ for each 1 ≤ p < ∞ but not p = ∞. When p = ∞, the
approach in Lemma 3.4 fails since the Sobolev imbedding W 1,2loc → L
∞
loc (U) fails.
(iii) Under f ∈ W 1,1loc (Ω) ∩ C
0(Ω) or f ∈ BV loc (Ω) ∩ C
0(Ω), for any given p ∈ [1,∞],
the uniform W 1,ploc (U)-estimates of u
ǫ is still unavailable. The approach in Lemma
3.4 fails. Indeed, since f ǫ only have uniform W 1,1(U)- or BV (U)-estimates, the
uniform W 1,∞loc (U)-estimates of u
ǫ is required to get uniform estimates for the term∫
U f
ǫ
i u
ǫ
i(u
ǫ)2ξ6 dx in Lemma 3.3. But the failure of the Sobolev imbedding W 1,2loc →
L∞loc (U) does not allows to control W
1,∞
loc (U)-norms of u
ǫ uniformly.
(iv) Considering Lemma 2.4, we expect that under only f ∈ C0(Ω) one would have uǫ ∈
W 1,∞loc (U) uniformly in ǫ > 0. To prove this, new ideas are definitely required.
Letting φ = |Duǫ|2(|Duǫ|2 + κ)α/2ξ2 in (3.4) we have the following Sobolev estimates for
|Duǫ|α or (|Duǫ|2 + κ)α/2 when α > 3/2. The proof is postponed to Section 6.
Lemma 3.6. Let ξ ∈ C2c (U) and κ > 0.
(i) If α = 2, then∫
U
|D2uǫDuǫ|2ξ2 dx+ ǫ
∫
U
(∆uǫ)2ξ2 dx
≤ C
∫
U
|Duǫ|4(|Dξ|2 + |D2ξ||ξ|) dx + C
∣∣∣∣∫
U
uǫif
ǫ
i ξ
2 dx
∣∣∣∣+ Cǫ2 ∫
U
|Dξ|2 dx.
(ii) If α ≥ 3, then∫
U
|D2uǫDuǫ|2|Duǫ|2α−4ξ2 dx+ ǫ
∫
U
(∆uǫ)2|Duǫ|2α−4ξ2 dx
≤ C(α)
∫
U
|Duǫ|2α(|Dξ|2 + |D2ξ||ξ|) dx + C(α)
∣∣∣∣∫
U
uǫif
ǫ
i |Du
ǫ|2α−4ξ2 dx
∣∣∣∣
+ C(α)ǫ
[∫
U
(∆uǫ)2ξ2 dx
]1/2 [∫
U
(f ǫ)2|Duǫ|4α−12ξ2 dx
]1/2
.
(iii) If 2 < α < 3, then∫
U
|D2uǫDuǫ|2(|Duǫ|2 + κ)α−2ξ2 dx+ ǫ
∫
U
|∆uǫ|2(|Duǫ|2 + κ)α−2ξ2 dx
+
∫
U
(f ǫ)2(|Duǫ|2 + κ)α−3ξ2 dx
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≤ C(α)
∫
U
(|Duǫ|2 + κ)α(|Dξ|2 + |D2ξ||ξ|) dx + C(α)
∣∣∣∣∫
U
uǫif
ǫ
i (|Du
ǫ|2 + κ)α−2ξ2 dx
∣∣∣∣
+ C(α)ǫκα−3
[∫
U
(∆uǫ)2ξ2 dx
]1/2 [∫
U
(f ǫ)2ξ2 dx
]1/2
+ C(α)κα−3/2
∫
U
(|Df ǫ|ξ2 + f ǫ|Dξ||ξ|) dx.
(iv) If 3/2 < α < 2, then∫
U
|D2uǫDuǫ|2(|Duǫ|2 + κ)α−2ξ2 dx+ ǫ
∫
U
|∆uǫ|2(|Duǫ|2 + κ)α−2ξ2 dx
≤ C(α)
∫
U
(|Duǫ|2 + κ)α(|Dξ|2 + |D2ξ||ξ|) dx + C(α)
∣∣∣∣∫
U
uǫif
ǫ
i (|Du
ǫ|2 + κ)α−2ξ2 dx
∣∣∣∣
+ C(α)ǫ
[∫
U
(∆uǫ)2ξ2 dx
]1/2 [
κ2α−6
∫
U
(f ǫ)2ξ2 dx+ κ2α−5
∫
U
|D2uǫDuǫ|2 dx
]1/2
+ C(α)κα−3/2
∫
U
(|Df ǫ|ξ2 + f ǫ|Dξ||ξ|) dx.
As a consequence of Lemma 3.6, we have the following uniform Sobolev estimates of |Duǫ|α
or (|Duǫ|2 + κ)α/2 for all α > 0.
Lemma 3.7. (i) If α = 2 or α ≥ 3, we have D|Duǫ|α ∈ L2loc (U) uniformly in ǫ > 0.
(ii) If α ∈ (0, 2) ∪ (2, 3) and κ > 0, we have D(|Duǫ|2 + κ)α/2 ∈ L2loc (U) uniformly in
ǫ > 0.
(iii) If α ∈ (3/2, 2) ∪ (2, 3), then for all V ⋐ U we have
sup
κ∈(0,1)
lim sup
ǫ→0
‖D(|Duǫ|2 + κ)α/2‖L2(V ) <∞.
(iv) If α ∈ (0, 3/2] and p ∈ [1, 3/(3 − α)), then for all V ⋐ U we have
sup
κ∈(0,1)
lim sup
ǫ→0
‖D(|Duǫ|2 + κ)α/2‖Lp(V ) <∞.
Proof. (i) Fix arbitrary ball B ⋐ 2B ⋐ U with radius R. For α > 3/2 and κ ∈ [0, 1], by
Lemma 3.4 we have
Mα(B) := sup
κ∈[0,1]
sup
ǫ∈(0,ǫU ]
[
–
∫
2B
(|Duǫ|2 + κ)2α dx+
∫
2B
|Df ǫ|(|Duǫ|2 + κ)α−3/2 dx
]
≤C(α) sup
ǫ∈(0,ǫU ]
{1 + ‖Duǫ‖2αL2α(2B) + ‖Df
ǫ‖qLq(B)[1 + ‖Du
ǫ‖2α−3
L(2α−3)q/(q−1)(2B)
]}
<∞. (3.6)
By taking suitable cut-off functions ξ in Lemma 3.6 (i), we have∫
B
|D|Duǫ|2|2 dx+ ǫ
∫
B
(∆uǫ)2 dx ≤ CM1(B) + C =: M˜1(B) <∞
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For α ≥ 3, by Lemma 3.6 (ii) with a suitable cut-off functions ξ we have∫
B
|D|Duǫ|α|2 dx+ ǫ
∫
B
(∆uǫ)2|Duǫ|2α−4 dx
≤ C(α)Mα(B) + C(α)ǫ
1/2[M˜1(B)]
1/2‖f ǫ‖C(2B)‖Du
ǫ‖2α−1+4
L4α−1−8(2B)
,
which, by Lemma 3.4 and ‖f ǫ‖C(2B) ≤ 2‖f‖C0(U), is bounded uniformly in ǫ.
(ii) For α ∈ (0, 2) and κ > 0, note that
|D(|Duǫ|2 + κ)α/2| =
α
2
(|Duǫ|2 + κ)α/2−1|D|Duǫ|2| ≤
α
2
κα/2−1|D|Duǫ|2|,
and hence
‖D(|Duǫ|2 + κ)α/2‖L2(V ) ≤ κ
α/2−1‖D|Duǫ|2‖L2(V ) ∀V ⋐ U.
This together with D|Duǫ|2 ∈ L2loc (U) uniformly in ǫ > 0 implies that D(|Du
ǫ|2 + κ)α/2 ∈
L2loc (U) uniformly in ǫ > 0.
For α ∈ (2, 3) and κ > 0, note that
|D(|Duǫ|2 + κ)α/2| =
α
4
(|Duǫ|2 + κ)α/4−1|D(|Duǫ|2 + κ)2|
≤
α
4
κα/4−1[|D|Duǫ|4|+ 2κ|D|Duǫ|2|].
Hence,
‖D(|Duǫ|2 + κ)α/2‖L2(V ) ≤ C(α)[κ
α/4−1‖D|Duǫ|4‖L2(V ) + κ
α/4+1‖D|Duǫ|2‖L2(V )].
From this and D|Duǫ|2, D|Duǫ|4 ∈ L2loc (U) uniformly in ǫ > 0, it follows that D(|Du
ǫ|2 +
κ)α/2 ∈ L2loc (U) uniformly in ǫ > 0, as desired.
(iii) Let B ⋐ 4B ⊂ U . For 2 < α < 3 and κ ∈ (0, 1), by Lemma 3.6 (ii) with a suitable
cut-off functions ξ, we have∫
B
|D(|Duǫ|2 + κ)α|2 dx+ ǫ
∫
B
|∆uǫ|2(|Duǫ|2 + κ)α−2 dx
≤ C(α)Mα(B) + C(α)ǫ
1/2κα−3[M˜1(B)]
1/2‖f ǫ‖C0(2B)
+ C(α)κα−3/2[‖Df ǫ‖L1(2B) +R‖f
ǫ‖C0(2B)]
1/2. (3.7)
For 3/2 < α < 2 and κ ∈ (0, 1), by Lemma 3.6 (iii) with a suitable cut-off functions ξ, we
have ∫
B
|D(|Duǫ|2 + κ)α|2 dx+ ǫ
∫
B
|∆uǫ|2(|Duǫ|2 + κ)α−2 dx
≤ C(α)Mα(B) + C(α)ǫ
1/2(M˜1(B))
1/2[κα−3‖f ǫ‖C0(2B) + κ
α−5/2[M˜1(B)]
1/2]
+ C(α)κα−3/2[‖Df ǫ‖L1(2B) +R‖f
ǫ‖C0(2B)]
1/2. (3.8)
Since ‖f ǫ‖C0(2B) ≤ ‖f‖C0(U˜)
and
‖Df ǫ‖L1(2B) ≤ C(B)‖Df
ǫ‖Lq(2B) ≤ 2C(B)‖Df‖Lq(U˜),
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letting ǫ→ 0 in (3.7) and (3.8), by α > 3/2 we have
lim sup
ǫ→0
∫
B
|D(|Duǫ|2 + κ)α|2 dx+ ǫ
∫
B
|∆uǫ|2(|Duǫ|2 + κ)α−2 dx
≤ C(α)Mα(B) + C(α)κ
α−3/2 sup
ǫ∈(0,1)
[‖Df ǫ‖L1(2B) +R‖f
ǫ‖C0(2B)]
1/2
≤ C(α)Mα(B) + C(α)[‖Df‖Lq(U˜ ) +R‖f‖C0(U˜)
]1/2
as desired.
(iv) For α ∈ (0, 3/2) and p ∈ (1, 3/(3 − α)), observing 3/2 < 3/p − 3/2 + α we let
β ∈ (3/2, 3/p − 3/2 + α). For κ ∈ (0, 1), write
|D(|Duǫ|2 + κ)α/2|p = C(α, β)(|Duǫ|2 + κ)p(α−β)/2|D(|Duǫ|2 + κ)β/2|p
≤ C(α, β, p)[|D|Duǫ|β |2 + (|Duǫ|2 + κ)p(α−β)/(2−p)].
Noting β < 3/p−3/2+α, that is, β−α < 3/p−3/2 = 3(2−p)/2p implies that p(α−β)/(2−p) >
−3/2. Write p(α − β)/(2 − p) = γ − 3, we know that γ > 3/2. If β 6= 2 sufficiently close to
3/p − 3/2 + α, we actually have γ < 2. Observe that
(f ǫ)2(|Duǫ|2 + κ)γ−3 = (|Duǫ|2 + κ)γ−3(∆∞u
ǫ + ǫ∆uǫ)2
≤ 2(|Duǫ|2 + κ)γ−2|D(|Duǫ|2 + κ)|2 + 2ǫ2(|Duǫ|2 + κ)α−3(∆uǫ)2
≤ C|D(|Duǫ|2 + κ)γ/2|2 + Cǫ2κα−3(∆uǫ)2.
We have
lim inf
ǫ→0
∫
B
|D(|Duǫ|2 + κ)α|p dx
≤ C(α, β, p) lim inf
ǫ→0
∫
B
|D(|Duǫ|2 + κ)β/2|2 dx
+ C(α, β, p) lim sup
ǫ→0
‖1/f‖−2
C0(B)
∫
B
|D(|Duǫ|2 + κ)γ/2|2 dx
+ C(α, β, p)ǫκα−3‖1/f‖−2
C0(B)
lim sup
ǫ→0
ǫ
∫
B
(∆uǫ)2 dx.
Note that ǫ
∫
B(∆u
ǫ)2 dx ≤ M˜1(B) as given in the proof of Lemma 3.7 (i), and that f
ǫ is
bounded away from 0 on B uniformly in ǫ ∈ (0, ǫU ). We have
lim inf
ǫ→0
∫
B
|D(|Duǫ|2 + κ)α|p dx
≤ C(α, β, p) lim inf
ǫ→0
∫
B
|D(|Duǫ|2 + κ)β/2|2 dx
+ C(α, β, p, f,B) lim sup
ǫ→0
∫
B
|D(|Duǫ|2 + κ)γ/2|2 dx,
by Lemma 3.7 (iii) for β, γ ∈ (3/2, 2), which is uniform bounded in κ ∈ (0, 1) as desired.
This completes the proof of Lemma 4.3. 
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Remark 3.8. Note that the proof of Lemma 3.7 (ii) uses κ > 0, and hence, for any α ∈
(0, 2) ∪ (2, 3), does not give D|Duǫ|α ∈ L2loc (U) uniformly in ǫ > 0.
For α ∈ (2, 3), if |Duǫ| ∈ L∞loc (U) is unavailable (for example, under f ∈W
1,∞
loc (Ω)), by
|D|Duǫ|α| =
α
2
|Duǫ|α−2|D|Duǫ|2|,
one would conclude |D|Duǫ|α| ∈ L2loc (U) uniformly in ǫ > 0 from |D|Du
ǫ|2| ∈ L2loc (U)
uniformly in ǫ > 0. But in general, |Duǫ| ∈ L∞loc uniformly in ǫ > 0 is unavailable as Remark
3.5 for details.
Taking φ = |Duǫ|4[(uǫ − P )ξ]2 in (3.4) we obtain the following flatness. The details are
postponed to Section 6.
Lemma 3.9. For any linear function P , we have∫
U
〈Duǫ,Duǫ −DP 〉2|Duǫ|6 dx
≤ C
[∫
U
|D2uǫDuǫ|2ξ2 dx
]1/2 [∫
U
|Duǫ|12|Du−DP |2(uǫ − P )2ξ2 dx
]1/2
+ C
∫
U
[|Duǫ|8(|Dξ|2 + |D2ξ||ξ|) + |Duǫ|2(f ǫ)2ξ2](uǫ − P )2 dx
+ C
∣∣∣∣∫
U
f ǫi u
ǫ
i |Du
ǫ|4(uǫ − P )2ξ2 dx
∣∣∣∣ .
4. Proofs of Theorem 1.1 and a flatness when f ∈ (∪q>1W
1,q
loc (Ω)) ∩ C
0(Ω)
Suppose Ω ⋐ R2, and f ∈ W 1,qloc (Ω) ∩ C
0(Ω) for some q > 1 with f > 0 in Ω. Let
u ∈ C0(Ω) be a viscosity solution to −∆∞u = f in Ω. Given arbitrary domain U ⋐ R
2, let
ǫU and {f
ǫ}ǫ∈(0,ǫU ] as in Section 3. For each ǫ ∈ (0, ǫU ], let u
ǫ ∈ C∞(U)∩C(U) be a solution
to (3.1).
The following convergence follows from Lemma 3.4, Lemma 3.1 and Lemma 2.2.
Lemma 4.1. uǫ → u in C0(U) as ǫ→ 0.
Proof. By Lemma 3.4 we know that for any γ ∈ (0, 1), uǫ ∈ C0,γ(U) uniformly in ǫ ∈ (0, ǫU ].
Thus, there exists a function uˆ ∈ C0,γ(U) such that, up to a subsequence, uǫ → uˆ in C0(U).
as ǫ→ 0. By Lemma 3.1, for sufficient small ǫ > 0 we have∣∣uǫ(x)− u(x0)∣∣ ≤ C|x− x0|γ , ∀ x ∈ U, x0 ∈ ∂U. (4.1)
Note that uǫ(x)→ uˆ(x) for x ∈ U as ǫ→ 0. Letting ǫ→ 0 in (4.1), we obtain
|uˆ(x)− u(x0)| ≤ C|x− x0|
γ , ∀ x ∈ U, x0 ∈ ∂U.
Thus uˆ ∈ C(U) with uˆ ≡ u on ∂U . By the compactness property of viscosity solutions of
elliptic equations (see Crandall-Ishii-Lions [8]), we know that uˆ ∈ C(U) is a viscosity solution
to the equation ∆∞v = −f in U . Since uˆ ≡ u on ∂U and f > 0 in U , it follows from Lemma
2.2 that uˆ = u in U . This also implies that uǫ → u in C0(U) as ǫ→ 0. 
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Remark 4.2. (i) When 0 < f ∈W 1,∞loc (Ω), it is already proved in [16, 17] that u
ǫ → u in
C0loc (U) as ǫ → 0. Note that the assumption 0 < f ∈ (∪q>1W
1,q
loc (Ω)) ∩ C
0(Ω) used
here is much weaker than 0 < f ∈W 1,∞loc (Ω).
(ii) Under the assumption 0 < f ∈ W 1,1loc (Ω) ∩ C
0(Ω) or 0 < f ∈ BV loc (Ω) ∩ C
0(Ω),
it is still unknown whether uǫ → u in C0loc (U) as ǫ → 0 or not. Note that by our
above argument, the convergence uǫ → u in C0loc (U) as ǫ → 0 would follow from
uǫ ∈ W 1,ploc (U) uniformly in ǫ > 0 for some p ∈ (2,∞], but which, as indicated by
Remark 3.5, is available only when 0 < f ∈ (∪q>1W
1,q
loc (Ω)) ∩ C
0(Ω).
Lemma 3.7, Lemma 3.6 and Lemma 3.9 allow us to prove the following Sobolev conver-
gence, which is crucial to prove Theorem 1.1 under 0 < f ∈W 1,qloc (Ω) ∩ C
0(Ω) with q > 1.
Lemma 4.3. (i) If α ≥ 3 or α = 2, we have |Duǫ|α → |Du|α in Lploc (U) for all p ∈
[1,∞) and weakly in W 1,2loc (U) as ǫ→ 0.
Moreover, uǫ → u in W 1, ploc (U) for all p ∈ [1,∞) as ǫ→ 0.
(ii) If α ∈ (0, 2) ∪ (2, 3), for each κ ∈ (0, 1] we have (|Duǫ|2 + κ)α/2 → (|Du|2 + κ)α/2 in
Lploc (U) for all p ∈ [1,∞) and weakly in W
1,2
loc (U) as ǫ→ 0.
(iii) If α ∈ (3/2, 2) ∪ (2, 3), we have (|Du|2 + κ)α/2 → |Du|α in Lploc (U) for all p ∈ [1,∞)
and weakly in W 1,2loc (U) as κ→ 0 .
(iii) If α ∈ (0, 3/2] and p ∈ [1, 3/(3−α)), we have (|Du|2+κ)α/2 → |Du|α in Ltloc (U) for
all t ≥ 1 and weakly in W 1,ploc (U) as κ→ 0.
Proof. Proof of (i) By Lemma 3.7 for α = 2 we know that D|Duǫ|2 ∈ W 1,2loc (U) uniformly in
ǫ > 0. From the weak compactness of W 1,2loc (U), it follows that |Du
ǫ|2 converges as ǫ→ 0 (up
to some subsequence) to some function h in Lploc (U) and weakly in W
1,2
loc (U).
It suffices to prove h = |Du|2 almost everywhere. Indeed, assume this holds for the
moment. We then have |Duǫ|2 → |Du|2 in Lploc (U) for all p ≥ 1 as ǫ→ 0. This together with
Duǫ → Du weakly in Lploc (U) implies that Du
ǫ → Du in Lploc (U). For α ≥ 3,
|Duǫ|α = (|Duǫ|2)α/2 → (h)α/2 = (|Du|2)α/2 = |Du|α
almost everywhere as ǫ→ 0. By Lemma 3.7 for α ≥ 3 we also know that D|Duǫ|α ∈W 1,2loc (U)
uniformly in ǫ > 0. From the weak compactness of W 1,2loc (U) again and |Du
ǫ|α → |Du|α, it
follows that |Duǫ|α → |Du|α in Lploc (U) for any p ∈ [1,∞) and weakly in L
2
loc (U) as ǫ→ 0.
To prove h = |Du|2 almost everywhere, we only need to prove h(x¯) = |Du(x¯)|2 for all
x¯ ∈ U such that u is differentiable at x¯, and x¯ is the Lebesgue point of Du and [h]N with
N ≥ 5q/(q − 1). Note that the set of such x¯ has full measure in U .
If h(x¯) = 0, then by uǫ → u in C0loc (U) (see Lemma 3.4) and |Du
ǫ|2 → h in L2loc (U) as
ǫ→ 0, we have
|Du(x¯)| ≤ C lim sup
R→0
1
R
–
∫
B(x¯,R)
|u− uB(x¯,R)|
= C lim sup
R→0
lim sup
ǫ→0
1
R
–
∫
B(x¯,R)
|uǫ − uǫB(x¯,R)| dx
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≤ C lim sup
R→0
lim sup
ǫ→0
[
–
∫
B(x¯,R)
|Duǫ|2 dx
]1/2
≤ C lim sup
R→0
[
–
∫
B(x¯,R)
hdx
]1/2
≤ C[h(x¯)]1/2
= 0
as desired.
Below, assume h(x¯) > 0. Note that for p = 1, · · · , N , we have
lim
r→0
–
∫
B(x¯,r)
hp dx = [h(x)]p,
which implies that there exists rx¯ < dist (x¯, ∂U)/8 such that for all r < rx¯, we have
–
∫
B(x¯,r)
hp dx ≤ 2[h(x)]p.
Considering |Duǫ|2 → h in Lploc (U) as ǫ→ 0, we know that for each r ∈ (0, rx¯), there exists
ǫx¯,r ∈ (0, r) ∩ (0, ǫU ) such that for any ǫ ∈ (0, ǫr),
–
∫
B(x¯,r)
|Duǫ|2p dx ≤ 4[h(x)]p.
Moreover, for any λ ∈ (0, 1), thanks to the differentiability at x¯ of u, there exists rλ,x¯ ∈
(0, rx¯) such that for any r ∈ (0, rλ,x¯), we have
sup
B(x¯,2r)
|u(x)− u(x¯)− 〈Du(x¯), (x − x¯)〉|
r
≤ λ.
By Lemma 3.4, for arbitrary r ∈ (0, rλ,x¯), there exists ǫλ,x¯,r ∈ (0, ǫx¯,r] such that for all
ǫ ∈ (0, ǫλ,x¯,r), we have
sup
B(x¯,2r)
|uǫ(x)− uǫ(x¯)− 〈Du(x¯), (x − x¯)〉|
r
≤ 2λ.
Let P (x) = uǫ(x¯) − 〈Du(x¯), (x − x¯)〉 in Lemma 3.9. Then DP = Du(x¯) in U . For all
balls B = B(x¯, r) with r ∈ (0, rλ,x¯), choose a suitable cut-off function ξ associated to B. For
ǫ ∈ (0, ǫλ,x¯,r), from |u
ǫ − P | ≤ 2rλ on 2B and Lemma 3.9 it follows that∫
B
〈Duǫ,Duǫ −Du(x¯)〉2|Duǫ|6 dx
≤ r2λ
[∫
2B
|D2uǫDuǫ|2 dx
]1/2 [
–
∫
2B
|Duǫ|12|Duǫ −Du(x¯)|2 dx
]1/2
+Cr2λ2
∫
2B
[r−2|Duǫ|8 + |Duǫ|2(f ǫ)2 + |Duǫ|5|Df ǫ|] dx
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Note that by Lemma 3.6, we have∫
B
|D|Duǫ|2|2 dx –
∫
2B
|Duǫ|12|Duǫ −Du(x¯)|2 dx
≤ C
[
–
∫
2B
|Duǫ|4 dx+
∫
2B
|Df ǫ| dx+ 1
] [
–
∫
2B
|Duǫ|14 dx+ |Du(x¯)|2 –
∫
2B
|Duǫ|12 dx
]
≤ C{[h(x¯)]2 + 1 + (rx¯)
1−1/q‖Df‖Lq(2B)}[h(x¯)]
6[h(x¯) + |Du(x¯)|2],
where we use ∫
2B
|Df ǫ| dx ≤ r1−1/q‖Df ǫ‖Lq(2B) ≤ 2(rx¯)
1−1/q‖Df‖Lq(4B).
Moreover, ∫
2B
[r−2|Duǫ|8 + |Duǫ|2(f ǫ)2 + |Duǫ|5|Df ǫ|] dx
≤ C –
∫
2B
|Duǫ|8 dx+ r2‖f ǫ‖2
C0(U )
–
∫
2B
|Duǫ|2 dx
+ r2−2/q‖Df ǫ‖Lq(U)
[
–
∫
2B
|Duǫ|5q/(q−1) dx
](q−1)/q
≤ C[h(x¯)]4 + Cr2‖f‖2
C0(U)
h(x¯) + C(rx¯)
2−2/q‖Df‖Lq(U)[h(x¯)]
N/5
We therefore conclude that
–
∫
B(x¯,r)
(|Duǫ|2 − 〈Du(x¯),Duǫ〉)2|Duǫ|6 dx ≤ C(x¯, ‖f‖C(U¯ ), ‖Df‖Lq(U))λ. (4.2)
Since |Duǫ|2 → h in L2loc (U) and Du
ǫ ⇀ Du weakly in L2loc (U) as ǫ → 0, applying (4.2)
with r ∈ (0, rλ,x¯) we have
–
∫
B(x¯,r)
(h− 〈Du(x¯),Du〉)2|h|3 dx ≤ lim inf
ǫ→0
–
∫
B(x¯,r)
(|Duǫ|2 − 〈Du(x¯),Duǫ〉)2|Duǫ|6 dx
≤ C(x¯, ‖f‖C0(U), ‖Df‖Lq(U))λ
Since x¯ is a Lebesgue point of [h]4 with p = 1, · · · , N and Du, via Ho¨lder’s inequality, we
obtain
|h(x¯)− |Du(x¯)|2|2|h(x¯)|3 = lim
r→0
–
∫
B(x¯,r)
|h− 〈Du(x¯),Du〉||h|3 dx
≤ C(x¯, ‖f‖C(U¯ ), ‖Df‖Lq(U))λ.
By h(x¯) > 0, letting λ→ 0 we have h(x¯) = |Du(x¯)|2 as desired.
Proof of (ii) For α ∈ (0, 2) ∪ (2, 3) and κ ∈ (0, 1), by Lemma 3.7 (ii) we know that
(|Duǫ|2 + κ)α/2 ∈ W 1,2loc (U) uniformly in ǫ > 0. By (i) (|Du
ǫ|2 + κ)α/2 → (|Du|2 + κ)α/2
almost everywhere. From this and the weak compactness ofW 1,2loc (U), it follows that (|Du
ǫ|2+
κ)α/2 → (|Du|2 + κ)α/2 in Lploc (U) for all p ≥ 1 and weakly in W
1,2
loc (U) as κ→ 0.
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Proof of (iii) For α ∈ (3/2, 2)∪ (2, 3), by (ii) and Lemma 3.7 (iii) we have (|Du|2+κ)α/2 in
W 1,2loc (U) uniformly in κ ∈ (0, 1). Observing that (|Du|
2 + κ)α/2 → |Du|α almost everywhere
as κ→ 0, by Lemma 2.4 and Lebesgue’s theorem, we have (|Du|2+κ)α/2 → |Du|α in Ltloc (U)
for all t ≥ 1 as κ → 0. By the compactness of W 1,2loc (U) again, we have |Du|
α ∈ W 1,2loc (U),
(|Du|2 + κ)α/2 → |Du|α weakly in W 1,2loc (U) as κ→ 0.
Proof of (iv) For α ∈ (0, 3/2] and p ∈ [1, 3/(3 − α)), by (ii) and Lemma 3.7 (iv) we
have (|Du|2 + κ)α/2 ∈ W 1,ploc (U) uniformly in κ ∈ (0, 1). Similarly to (iii), observing that
(|Du|2+κ)α/2 → |Du|α almost everywhere as κ→ 0, by Lemma 2.4 and Lebesgue’s theorem,
we have (|Du|2 + κ)α/2 → |Du|α in Ltloc (U) for all t ≥ 1 as κ → 0. By the compactness of
W 1,ploc (U) again, we have |Du|
α ∈ W 1,ploc (U), (|Du|
2 + κ)α/2 → |Du|α weakly in W 1,ploc (U) as
κ→ 0.
This completes the proof of Lemma 4.3. 
Proofs of Theorem 1.1 when 0 < f ∈ (∪q>1W
1,q
loc (Ω)) ∩ C
0(Ω). By Lemma 4.3, we have that
|Du|α ∈ W 1,2loc (U) when α > 3/2, and |Du|
α ∈ W 1,ploc (U) when α ∈ (0, 3/2] and p ∈ [1, 3/(3 −
α)). This gives (ii), and also reduces (i) to verifying (1.4), where we note that (1.3) follows
from (1.4) and Lemma 2.4. Moreover, note that (iii) follows from (i) and (iv) as indicated by
Remark 1.4 (i). So below we only need to prove (1.4), and (iv), that is, (1.6) and (1.5).
Proof of (1.4). Let U ⋐ Ω such that V := supp ξ ⋐ U . For ǫ ∈ (0, 1), let uǫ be a smooth
solution to (3.1). Note that uǫ to u in W 1,ploc (U) for all p ≥ 1 as given in Lemma 4.3, and
f ǫ → f in W 1,q(U), For α = 2 or α ≥ 3 we have∫
U
f ǫi u
ǫ
i |Du
ǫ|2α−4ξ2 dx→
∫
U
fiui|Du|
2α−4ξ2 dx,
For α ∈ (3/2, 2) ∪ (2, 3) and κ ∈ (0, 1), we have∫
U
f ǫi u
ǫ
i(|Du
ǫ|2 + κ)α−2ξ2 dx→
∫
U
fiui(|Du|
2 + κ)α−2ξ2 dx,
Letting ǫ→ 0 in Lemma 3.6 (i) we have∫
U
|D|Du|2|2ξ2 dx ≤ lim inf
ǫ→0
[∫
U
|D|Duǫ|2|2ξ2 dx+ ǫ
∫
U
|∆uǫ|2ξ2 dx
]
≤ C lim inf
ǫ→0
∫
U
|Duǫ|6(|Dξ|2 + |D2ξ||ξ|) dx+ C lim inf
ǫ→0
∣∣∣∣∫
U
f ǫi u
ǫ
iξ
2 dx
∣∣∣∣
≤ C
∫
U
|Du|6(|Dξ|2 + |D2ξ||ξ|) dx +C
∣∣∣∣∫
U
fiuiξ
2 dx
∣∣∣∣ (4.3)
as desired.
For α ≥ 3 letting ǫ→ 0 in Lemma 3.6 (ii) we have∫
U
|D|Du|α|2ξ2 dx
≤ lim inf
ǫ→0
∫
U
|D|Duǫ|α|2ξ2 dx
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≤ C lim inf
ǫ→0
∫
U
|Duǫ|2α(|Dξ|2 + |D2ξ||ξ|) dx + C lim inf
ǫ→0
∣∣∣∣∫
U
f ǫi u
ǫ
i |Du|
2α−4ξ2 dx
∣∣∣∣
+ C(α) lim inf
ǫ→0
ǫ
[∫
U
(∆uǫ)2ξ2 dx
]1/2 [∫
U
(f ǫ)2|Duǫ|4α−12ξ2 dx
]1/2
≤ C
∫
U
|Du|2α(|Dξ|2 + |D2ξ||ξ|) dx + C
∣∣∣∣∫
U
fiui|Du|
2α−4ξ2 dx
∣∣∣∣ ,
where by (4.3) and Lemma 3.4 we have
lim inf
ǫ→0
ǫ
[∫
U
(∆uǫ)2ξ2 dx
]1/2 [∫
U
(f ǫ)2|Duǫ|4α−1−8ξ2 dx
]1/2
≤ lim inf
ǫ→0
ǫ1/2 · ǫ
∫
U
(∆uǫ)2ξ2 dx+ lim inf
ǫ→0
ǫ1/2
∫
U
(f ǫ)2|Duǫ|4α−1−8ξ2 dx
= 0.
Similarly, for α ∈ (3/2, 2) ∪ (2, 3) and κ ∈ (0, 1), letting ǫ→ 0 in Lemma 3.6 (iii) and (iv),
we have∫
U
|D(|Du|2 + κ)α/2|2ξ2 dx
≤ lim inf
ǫ→0
∫
U
|D(|Duǫ|2 + κ)α/2|2ξ2 dx
≤ C(α)
∫
U
(|Du|2 + κ)α(|Dξ|2 + |D2ξ||ξ|) dx+ C(α)
∣∣∣∣∫
U
fiui(|Du|
2 + κ)α−2ξ2 dx
∣∣∣∣
+ C(α)κα−3/2
∫
U
(|Df |ξ2 + f |Dξ||ξ|) dx.
Sending κ→ 0, by Lemma 3.4 we obtain∫
U
|D|Du|α|2ξ2 dx ≤ lim inf
κ→0
∫
U
|D(|Du|2 + κ)α/2|2ξ2 dx
≤ C(α)
∫
U
|Du|2α(|Dξ|2 + |D2ξ||ξ|) dx +C(α)
∣∣∣∣∫
U
fiui|Du|
2α−4ξ2 dx
∣∣∣∣
as desired.
Proof of (1.6). We only consider the case α, τ ∈ (0, 2) ∪ (2, 3); the other cases are similar
and easier. By Lemma 4.3 we have, for any Φ ∈ C∞c (U,R
2),∫
U
|Du|τ 〈D|Du|α,Φ〉 dx = lim
κ→0
∫
U
(|Du|2 + κ)τ/2〈D(|Du|2 + κ)α/2,Φ〉 dx
= lim
κ→0
lim
ǫ→0
∫
U
(|Duǫ|2 + κ)τ/2〈D(|Duǫ|2 + κ)α/2,Φ〉 dx
=
α
α+ τ
lim
κ→0
lim
ǫ→0
∫
U
〈D(|Duǫ|2 + κ)(α+τ)/2,Φ〉 dx
=
α
α+ τ
lim
κ→0
∫
U
〈D(|Du|2 + κ)(α+τ)/2,Φ〉 dx
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=
α
α+ τ
∫
U
D|Du|α+τ ,Φ〉 dx,
which implies (1.6) as desired.
Proof of (1.5). By (1.6), to obtain (1.5) it suffices to prove (|Du|2)iui = 2f almost
everywhere. Indeed, assume this holds for the moment. When α > 2, we have
(|Du|α)iui =
α
2
|Du|α−2(|Du|2)iui = α|Du|
α−2f
almost everywhere. When α ∈ (0, 2), noting that f > 0 implies that Du and D|Du|2 vanishes
only on a set with measure 0; otherwise (|Du|2)iui = 0 6= 2f on a set with positive mea-
sure. Therefore D(|Du|α) = α2 |Du|
α−2D|Du|2 and hence, we obtain (|Du|α)iui = α|Du|
α−2f
similarly.
Finally, we prove (|Du|2)iui = 2f almost everywhere. By Du
ǫ → Du in W 1,2loc (U) and
D|Duǫ|2 → D|Du|2 weakly in L2loc (U) as given in Lemma 4.3, we have∫
U
〈D|Du|2,Du〉φdx = lim
ǫ→0
∫
U
〈D|Duǫ|2,Duǫ〉φdx = lim
ǫ→0
∫
U
2∆∞u
ǫφdx ∀φ ∈ C∞c (U).
Applying ∆∞u
ǫ = −ǫ∆uǫ − f ǫ, we have∫
U
〈D|Du|2,Du〉φdx = lim
ǫ→0
[
−2ǫ
∫
U
∆uǫφdx−
∫
U
2f ǫφdx
]
∀φ ∈ C∞c (U).
By (4.3),
lim
ǫ→0
ǫ
∫
U
∆uǫφdx ≤ lim inf
ǫ→0
ǫ
[∫
U
(∆uǫ)2|φ|2 dx
]1/2
|suppφ|1/2 = 0.
Therefore ∫
U
〈D|Du|2,Du〉φdx = −
∫
U
2fφ dx ∀φ ∈ Cc(U)
as desired. 
Finally, with the aid of Lemma 3.9, Lemma 4.3 and Lemma 3.6, we prove the following
integral flatness for u, which we use to prove Theorem 1.1 when 0 < f ∈ BV loc (Ω) ∩ C
0(Ω).
Lemma 4.4. For any linear function P , we have∫
Ω
〈Du,Du−DP 〉2|Du|6ξ2 dx
≤ C
[∫
Ω
|Du|4(|Dξ|2 + |D2ξ||ξ|) dx +
∣∣∣∣∫
Ω
uifiξ
2 dx
∣∣∣∣]1/2
×
[∫
Ω
|Du|12|Du−DP |2(u− P )2ξ2 dx
]1/2
+ C
∫
Ω
[|Du|8(|Dξ|2 + |D2ξ||ξ|) + |Du|2(f)2ξ2](u− P )2 dx
+ C
∣∣∣∣∫
Ω
fiui|Du|
4ξ2(u− P )2 dx
∣∣∣∣ .
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Proof. Let ξ ∈ C2c (Ω), and U ⋐ Ω such that V := supp ξ ⋐ U . For ǫ ∈ (0, ǫU ), let u
ǫ ∈ C∞(U)
be a solution to (3.1). By Lemma 4.3, we have∫
U
〈Du,Du−DP 〉2|Du|6ξ2 dx = lim
ǫ→0
∫
U
〈Duǫ,Duǫ −DP 〉2|Duǫ|6ξ2 dx.
By Lemma 3.6(i), we have
lim inf
ǫ→0
∫
U
|D2uǫDuǫ|2ξ2 dx ≤ C lim inf
ǫ→0
[∫
|Duǫ|4(|Dξ|2 + |D2ξ||ξ|) dx + C
∣∣∣∣∫
U
f ǫi u
ǫ
iξ
2 dx
∣∣∣∣]
= C
∫
|Du|4(|Dξ|2 + |D2ξ||ξ|) dx + C
∣∣∣∣∫
U
fiuiξ
2 dx
∣∣∣∣ .
Using these, Lemma 3.9 and Lemma 4.3, we obtain∫
U
〈Du,Du−DP 〉2|Du|6ξ2 dx
= lim
ǫ→0
∫
U
〈Duǫ,Duǫ −DP 〉2|Duǫ|6ξ2 dx
≤ lim inf
ǫ→0
[∫
U
|D2uǫDuǫ|2ξ2 dx
]1/2 [∫
U
|Duǫ|12|Du−DP |2(uǫ − P )2ξ2 dx
]1/2
+ C lim inf
ǫ→0
∫
U
[|Duǫ|8(|Dξ|2 + |D2ξ||ξ|) + |Duǫ|2(f ǫ)2ξ2](uǫ − P )2 dx
+ C lim inf
ǫ→0
∣∣∣∣∫
U
f ǫi u
ǫ
i |Du
ǫ|4(uǫ − P )2ξ2 dx
∣∣∣∣
≤
[∫
|Du|4(|Dξ|2 + |D2ξ||ξ|) dx+
∣∣∣∣∫
U
fiuiξ
2 dx
∣∣∣∣]1/2
×
[∫
U
|Du|12|Du−DP |2(u− P )2ξ2 dx
]1/2
+ C
∫
U
[|Du|8(|Dξ|2 + |D2ξ||ξ|) + |Du|2(f)2ξ2](u− P )2 dx
+ C
∣∣∣∣∫
U
fiui|Du|
4(u− P )2ξ2 dx
∣∣∣∣
as desired. 
5. Proof of Theorem 1.1 when f ∈ BV loc (Ω) ∩ C
0(Ω)
Suppose Ω ⋐ R2, and f ∈ BV loc (Ω) ∩ C
0(Ω) with f > 0 in Ω. Given any domain U ⋐ Ω,
let ǫU , U˜ and f
ǫ for ǫ ∈ (0, ǫU ] be as in Section 3. For δ ∈ (0, ǫU ), we have
‖f δ‖C0(U) ≤ ‖f‖C0(U˜)
and ‖f δ‖BV (U) ≤ ‖f‖BV (U˜).
For any ball B = B(x,R) ⊂ U with radius R, if δ ≤ min{R, ǫU}, we have
‖f δ‖C0(B) ≤ ‖f‖C0(2B) and ‖f
δ‖BV (B) ≤ ‖f‖BV (2B).
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For each δ ∈ (0, ǫU ], let uˆ
δ ∈ C(U) be a solution to
−∆∞uˆ
δ = f δ in U ; uǫ = u on ∂U. (5.1)
Since f δ ∈ C∞(U) and f δ > 0 in U , as proved in Section 4, Theorem 1.1 and Lemma 4.4
hold for uˆδ in U . By Lemma 2.3, we know that uˆδ → u in C0(U ). Below we obtain a Sobolev
convergence, which is crucial to prove Theorem 1.1 when 0 < f ∈ BV loc (Ω) ∩ C
0(Ω).
Lemma 5.1. (i) For α > 3/2, we have |Duˆδ|α → |Du|α in Lploc (U) for all p ≥ 1 and
weakly in W 1,2loc (U). Moreover, uˆ
δ → u in W 1,ploc (U) for all p ≥ 1.
(ii) For α ∈ (0, 3/2] and p ∈ [1, 3/(3 − α)), we have |Duˆδ|α → |Du|α in Ltloc (U) for all
t ≥ 1 and weakly in W 1,ploc (U).
To prove this lemma, we need the following uniform Sobolev estimates.
Lemma 5.2. (i) For α > 3/2, we have |Duˆδ|α ∈W 1,2loc (U) uniformly in δ ∈ (0, ǫU ).
(ii) For α ∈ (0, 3/2] and p ∈ (1, 3/(3 − α)), we have |Duˆδ|α ∈ W 1,ploc (U) uniformly in
δ ∈ (0, ǫU ).
Proof. Notice that by Remark 1.3 (ii) to uˆδ, we know that here (ii) follows from (i). Below,
we prove (i). For α > 3/2, by Lemma 2.4 and Lemma 2.1, we know that for each ball
B ⊂ 2B ⋐ U with radius R and δ < ǫU ,
‖Duˆδ‖L∞(B) ≤
C
R
‖uˆδ‖C0(2B) + C(R‖f
δ‖C0(2B))
1/3 ≤
C
R
‖u‖C0(U ) + C(R‖f‖C(U˜)
)1/3.
Therefore, for each ball B ⊂ 4B ⋐ U with radius R and δ < ǫU , and for any ξ ∈ C
1
c (2B)
with 0 ≤ ξ ≤ 1, we have∫
U
f δi uˆ
δ
i |Duˆ
δ|2α−4ξ dx ≤ ‖f δ‖BV (2B)‖Duˆ
δ‖2α−3L∞(2B)
≤ C‖f‖BV (U˜)
[
1
R
‖u‖C0(U ) + (R‖f‖C(U˜ )
)1/3
]
. (5.2)
Applying to f δ, uˆδ with ξ ∈ C2c (2B) satisfying ξ = 1 on B, 0 ≤ ξ ≤ 1 and |Dξ|+|D
2ξ|1/2 ≤ CR ,
we obtain∫
B
|D|Duˆδ|α|2 dx ≤
∫
U
|D|Duˆδ|α|2ξ2 dx
≤ C(α)
∫
U
|Duˆδ|2α(|Dξ|2 + |D2ξ||ξ|) dx + C(α)
∣∣∣∣∫
U
uˆδi f
δ
i |Duˆ
δ|2α−4ξ2 dx
∣∣∣∣
≤ C(α)‖Duˆδ‖2αL∞(2B) + C(α)‖f
δ‖BV (2B)‖Duˆ
δ‖2α−3L∞(2B)
which is then bounded uniformly in δ ∈ (0, ǫU ), that is, |Duˆ
δ|α ∈ W 1,2loc (U) uniformly in
δ > 0. 
The idea of the proof of Lemma 5.1 is similar to that of Lemma 4.3.
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Proof of Lemma 5.1. By Lemma 5.2 (i) for α = 2 we know that D|Duˆδ|2 ∈ W 1,2loc (U) uni-
formly in δ. From the weak compactness of W 1,2loc (U), it follows that |Duˆ
δ|2 converges, up
to some subsequence, to some function hˆ in Ltloc (U) for all t ≥ 1 and weakly in W
1,2
loc (U) as
δ → 0. By Lemma 5.2 again and a similar reason as in the proof of Lemma 4.3, the proof of
Lemma 5.1 is reduced to proving hˆ = |Du|2 almost everywhere. Here we omit the details.
Below we prove hˆ(x¯) = |Du(x¯)|2 for all x¯ ∈ U satisfying that u is differentiable at x¯, and
x¯ is Lebesgue point of [h]14 and Du. Note that the set of such x¯ has full measure in U .
If h(x¯) = 0, similarly to the proof of Lemma 4.3, we have |Du(x¯)|2 = 0.
Assume that h(x¯) > 0 below. For any λ ∈ (0, 1), thanks to the differentiability at x¯ of u,
there exists rλ,x¯ ∈ (0, dist (x¯, ∂U)/8) such that for any r ∈ (0, rλ,x¯), we have
sup
B(x¯,2r)
|u(x)− u(x¯)− 〈Du(x¯), (x − x¯)〉|
r
≤ λ.
By Lemma 2.3, for arbitrary r ∈ (0, rλ,x¯), there exists δλ,x¯,r ∈ (0, r] such that for all δ ∈
(0, δλ,x¯,r), we have
sup
B(x¯,2r)
|uˆδ(x)− uˆδ(x¯)− 〈Du(x¯), (x− x¯)〉|
r
≤ 2λ.
By the same argument as in the proof of Lemma 4.3, to obtain h(x¯) = |Du(x¯)|2, it suffices
to prove that for all r ∈ (0, rλ,x¯) and δ ∈ (0, δλ,x¯,r),
–
∫
B(x¯,r)
(|Duδ|2 − 〈Du(x¯),Duˆδ〉)2|Duδ|6 dx ≤ C(x¯, ‖u‖C0(U), ‖f‖C0(U), ‖Df‖BV (U))λ. (5.3)
We omit the details here.
To prove (5.3), applying Lemma 4.4 to uˆδ and P (x) = uˆδ(x¯)− 〈Du(x¯), (x− x¯)〉, we get∫
U
〈Duˆδ,Duδ −DP 〉2|Duˆδ|6ξ2 dx
≤ C
[∫
U
|Duδ|4|Dξ|2 dx+
∣∣∣∣∫
U
uˆδi f
δ
i ξ
2 dx
∣∣∣∣]1/2 [∫
U
|Duˆδ|12|Duˆδ −DP |2(uˆδ − P )2ξ2 dx
]1/2
+ C
∫
U
[|Duˆδ|8(|Dξ|2 + |D2ξ||ξ|) + |Duˆδ|2(f δ)2ξ2](uˆδ − P )2 dx
+ C
∣∣∣∣∫
U
f δi uˆ
δ
i |Duˆ
δ|4ξ2(uˆδ − P )2 dx
∣∣∣∣ .
For any B = B(x¯, r) with r ∈ (0, rλ,x¯) and δ ∈ (0, ǫλ,x¯,r) taking suitable cut-off function
ξ ∈ C2c (2B) satisfying ξ = 1 on B, 0 ≤ ξ ≤ 1 and |Dξ|+ |D
2ξ|1/2 ≤ Cr . Then∫
B
〈Duˆδ,Duδ −DP 〉2|Duˆδ|6 dx ≤
∫
U
〈Duˆδ,Duδ −DP 〉2|Duˆδ|6ξ2 dx.
Moreover, for the first term in the right hand side, by Lemma 2.4 we obtain∫
U
|Duˆδ|4|Dξ|2 dx+
∫
U
uˆδi f
δ
i ξ
2 dx
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≤ C –
∫
2B
|Duˆδ|4 dx+ Cr2‖f δ‖BV (2B)‖Duˆ
δ‖L∞(2B)
≤ C‖Duˆδ‖L∞(B(x¯, 1
4
dist (x¯,∂U)))[1 + Cr
2‖fˆ‖BV (U)]
≤ C
[
1
dist (x¯, ∂U)
‖u‖C0(U) + (dist (x¯, ∂U)‖f‖C0(U))
1/3
]4
+ C dist (x¯, ∂U)‖fˆ‖BV (U)
[
1
dist (x¯, ∂U)
‖u‖C0(U) + (dist (x¯, ∂U)‖f‖C0(U ))
1/3
]
,
and ∫
U
|Duˆδ|12|Duˆδ −DP |2(uˆδ − P )2ξ2 dx
≤ r4λ2‖Duˆδ‖12L∞(2B)[‖Duˆ
δ‖2L∞(2B) + |Du(x¯)|
2]
≤ Cr4λ2
[
1
dist (x¯, ∂U)
‖u‖C0(U) + (dist (x¯, ∂U)‖f‖C0(U ))
1/3
]14
.
For the second and third terms in the right hide side, similarly we have∫
U
[|Duˆδ|8(|Dξ|2 + |D2ξ||ξ|) + |Duˆδ|2(f)2ξ2](uˆδ − P )2 dx
≤ Cr2λ2[‖Duˆδ‖8L∞(2B) + r
2‖f δ‖2
C0(2B)
‖Duˆδ‖2L∞(2B)]
≤ Cr2λ2
{[
1
dist (x¯, ∂U)
‖u‖C0(U) + (dist (x¯, ∂U)‖f‖C0(U))
1/3
]8
+ dist (x¯, ∂U)2‖fˆ‖2
C0(U )
[
1
dist (x¯, ∂U)
‖u‖C0(U ) + (dist (x¯, ∂U)‖f‖C0(U))
1/3
]2}
,
and ∣∣∣∣∫
U
f δi uˆ
δ
i |Duˆ
δ|4ξ2(uˆδ − P )2 dx
∣∣∣∣
≤ Cr2λ2‖Df δ‖BV (2B)‖Duˆ
δ‖5L∞(2B)
≤ Cr2λ2‖Df δ‖BV (U)
[
1
dist (x¯, ∂U)
‖u‖C0(U ) + (dist (x¯, ∂U)‖f‖C0(U))
1/3
]5
.
Combining all estimates together we have (5.3) as desired. This completes the proof of
Lemma 5.1. 
Finally, we prove Theorem 1.1 when 0 < f ∈ BV loc (Ω) ∩ C
0(Ω) as below.
Proof of Theorem 1.1 when 0 < f ∈ BV loc (Ω) ∩ C
0(Ω). By Lemma 5.1, we have |Du|α ∈
W 1,2loc (U) when α > 3/2, and |Du|
α ∈ W 1,ploc (U) when α ∈ (0, 3/2] and p ∈ [1, 3/(3 − α)).
This gives (ii), and also reduces (i) to verifying (1.3). Moreover, by Remark 1.4 (i), we
know that (iii) follows from (i) and (iv). So below we only need to prove (1.3), (1.4) when
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f ∈W 1,1loc (Ω) additionally, and (iv), that is, (1.5) and (1.6). Recall that, as proved in Section
4, Theorem 1.1 holds for uˆδ for any δ ∈ (0, ǫU ).
Proof of (1.4) when f ∈ W 1,1loc (Ω) additionally. By uˆ
δ → u in W 1,ploc (U) and |Duˆ
δ|2α−4 →
|Du|2α−4 in Lploc (U) for any p ≥ 1 as δ → 0 implies that |Duˆ
δ|2α−3Duˆδ → |Du|2α−3Du in
weak-∗ topology of L1loc (U). Observing f
δ → f in W 1,1loc (U), we have∫
Ω
f δi u
δ
i |Duˆ
δ|2α−4ξ2 dx→
∫
Ω
fiui|Du|
2α−4ξ2 dx
as ǫ → 0. Since (1.4) holds for uˆδ, by Lemma 5.1 and 5.2 we futher obtain (1.4) for u as
desired.
Proof of (1.3). By Lemma 5.1, for α > 3/2 and for all B ⊂ 8B ⋐ U we have∫
B
|D|Du|α|2 dx ≤ lim inf
δ→0
∫
B
|D|Duˆδ|α|2 dx ≤ lim
δ→0
∫
U
|D|Duˆδ|α|2ξ2 dx,
where ξ ∈ C2c (2B) satisfying ξ = 1 on B, 0 ≤ ξ ≤ 1 and |Dξ| + |D
2ξ|1/2 ≤ CR . Since (1.4)
holds for uˆδ, we have∫
U
|D|Duˆδ|α|2ξ2 dx
≤ C(α) lim inf
δ→0
∫
U
|Duˆδ|2α(|Dξ|2 + |D2ξ||ξ|) dx + C(α) lim inf
δ→0
∫
U
uˆδi f
δ
i |Duˆ
δ|2α−4ξ2 dx
≤ C(α) lim inf
δ→0
–
∫
2B
|Duˆδ|2α dx+ C(α) lim inf
δ→0
‖f δ‖BV (2B)‖Duˆ
δ‖2α−3L∞(2B)
Notice that when δ > 0 is sufficient small, by Lemma 2.4 we have
‖Duˆδ‖L∞(2B) ≤ C
1
R
‖uδ‖C0(2B) + (R‖f
δ‖C0(2B))
1/3 ≤ C
1
R
‖u‖C0(2B) + C(R‖f‖C0(4B))
1/3.
By Lemma 5.1 again, we conclue∫
B
|D|Du|α|2 dx ≤ C(α) –
∫
2B
|Du|2α dx
+ C(α)‖f‖BV (4B)[
1
R
‖u‖C0(4B) + (R‖f‖C0(4B))
1/3]2α−3,
as desired.
Proof of (1.6). By Lemma 5.1 and applying (1.6) to uˆδ we have, for any Φ ∈ C∞c (U,R
2),∫
U
|Du|τ 〈D|Du|α,Φ〉 dx = lim
δ→0
∫
U
|Duˆδ|τ 〈D|Duˆδ|α,Φ〉 dx
=
α
α+ τ
lim
δ→0
∫
U
〈D|Duˆδ|α+τ ,Φ〉 dx
=
α
α+ τ
∫
U
〈D|Du|α+τ ,Φ〉 dx,
which gives (1.6).
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Proof of (1.5). Given any U ⋐ Ω, by Lemma 5.1 and applying (iv) to uˆδ, we have∫
U
〈D|Du|2,Du〉φdx = lim
δ→0
∫
U
〈D|Duˆδ|2,Duˆδ〉φdx
= lim
δ→0
−2
∫
U
f δφdx = −2
∫
U
fφ dx ∀φ ∈ C∞c (U),
which implies that (|Du|2)iui = −2f almost everywhere in U and hence in Ω. Note that
|Du| vanishes only in a set with measure 0. By this and (1.6), for α > 2 or α ∈ (0, 2) we
have (|Du|α)i =
α
2 |Du|
α−2(|Du|2)i almost everywhere, and hence (|Du|
α)iui = −α|Du|
α−2f
almost everywhere in Ω. This completes the proof of Theorem 1.1. 
6. Proofs of Lemma 3.6, Lemma 3.3 and Lemma 3.9
We first derive the following identity by taking φ = |Duǫ|2(|Duǫ|2 + κ)α−2ξ2 in (3.4) and
applying Lemma 3.2.
Lemma 6.1. Let ξ ∈ C2c (U). If α ≥ 2 and κ ≥ 0 or α > 0 and κ > 0, we have∫
U
|D2uǫDuǫ|2(|Duǫ|2 + κ)α−3[2(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]ξ2 dx
+ ǫ
∫
U
|∆uǫ|2(|Duǫ|2 + κ)α−3[2(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]ξ2 dx
+
∫
U
〈Duǫ,Dξ〉2|Duǫ|2(|Duǫ|2 + κ)α−2 dx
= −2
∫
U
(|Duǫ|2 + κ)α−3[(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]uǫiξi∆∞u
ǫξ dx
−
∫
U
ξiku
ǫ
ku
ǫ
i |Du
ǫ|2(|Duǫ|2 + κ)α−2ξ dx
− 2
∫
U
|Duǫ|2(|Duǫ|2 + κ)α−2uǫiku
ǫ
kξiξ dx
−
∫
U
f ǫ∆uǫ(|Duǫ|2 + κ)α−3[2(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]ξ2 dx
Proof. Let ψ = (|Duǫ|2 + κ)α−2ξ2 for ξ ∈ C∞c (U). Then φ = ψ|Du
ǫ|2, ψ ∈ W 1, 2c (U). By
(3.3), we write
Iǫ(φ) =
∫
U
|D2uǫDuǫ|2(|Duǫ|2 + κ)α−2ξ2 dx+ ǫ
∫
U
(∆uǫ)2(|Duǫ|2 + κ)α−2ξ2 dx
+
∫
U
f ǫ∆uǫ(|Duǫ|2 + κ)α−2ξ2 dx.
On the other hand, note that
φi = 2u
ǫ
iku
ǫ
k(|Du
ǫ|2 + κ)α−3[(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]ξ2 + 2ξξi|Du
ǫ|2(|Duǫ|2 + κ)α−2.
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Pluging in φi in (3.4), we have
Iǫ(φ) =
1
2
∫
U
[∆uǫuǫiφi − u
ǫ
iju
ǫ
jφi] dx
= −
∫
U
|D2uǫDuǫ|2(|Duǫ|2 + κ)α−3[(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]ξ2 dx
−
∫
U
|Duǫ|2(|Duǫ|2 + κ)α−2uǫiju
ǫ
jξiξ dx
+
∫
U
(|Duǫ|2 + κ)α−3[(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]∆uǫ∆∞u
ǫξ2 dx
+
∫
U
|Duǫ|2(|Duǫ|2 + κ)α−2∆uǫuǫiξiξ dx.
Replacing ∆∞u
ǫ by −ǫ∆uǫ − f ǫ in third term, we further have∫
U
(|Duǫ|2 + κ)α−3[(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]∆uǫ∆∞u
ǫξ2
= −ǫ
∫
U
(|Duǫ|2 + κ)α−3[(|Duǫ|2 + κ) + (α− 2)|Duǫ|2](∆uǫ)2ξ2 dx
−
∫
U
(|Duǫ|2 + κ)α−3[(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]f ǫ∆uǫξ2 dx.
Therefore∫
U
|D2uǫDuǫ|2(|Duǫ|2 + κ)α−3[2(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]ξ2 dx
+ ǫ
∫
U
(|Duǫ|2 + κ)α−3[2(|Duǫ|2 + κ) + (α− 2)|Duǫ|2](∆uǫ)2ξ2 dx
= −
∫
U
|Duǫ|2(|Duǫ|2 + κ)α−2uǫiju
ǫ
jξiξ dx+
∫
U
|Duǫ|2(|Duǫ|2 + κ)α−2∆uǫuǫiξiξ dx
−
∫
U
(|Duǫ|2 + κ)α−3[2(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]f ǫ∆uǫξ2 dx.
Via integration by parts we have
−
∫
U
|Duǫ|2(|Duǫ|2 + κ)α−2uǫiju
ǫ
jξiξ dx+
∫
U
|Duǫ|2(|Duǫ|2 + κ)α−2∆uǫuǫiξiξ dx
= −
∫
U
uǫk(|Du
ǫ|2(|Duǫ|2 + κ)α−2uǫiξiξ)k dx−
∫
U
|Duǫ|2(|Duǫ|2 + κ)α−2uǫiju
ǫ
jξiξ
3 dx
= −2
∫
U
(|Duǫ|2 + κ)α−3[(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]uǫiξi∆∞u
ǫξ dx
−
∫
U
〈Duǫ,Dξ〉2|Duǫ|2(|Duǫ|2 + κ)α−2 dx
−
∫
U
ξiku
ǫ
ku
ǫ
i |Du
ǫ|2(|Duǫ|2 + κ)α−2 dx
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− 2
∫
U
|Duǫ|2(|Duǫ|2 + κ)α−2uǫiku
ǫ
kξiξ dx
as desired. 
As a consequence of Lemma 6.1, we have
Corollary 6.2. Given any α > 0 and 0 < η << 1, for any ξ ∈ Cc(U) and κ ≥ 0, we have
(1− η)
∫
U
|D2uǫDuǫ|2(|Duǫ|2 + κ)α−3[(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]ξ2 dx
+ ǫ
∫
U
|∆uǫ|2(|Duǫ|2 + κ)α−3[(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]ξ2 dx
≤ C(α, η)
∫
U
(|Duǫ|2 + κ)α(|Dξ|2 + |D2ξ||ξ|) dx
−
∫
U
f ǫ∆uǫ(|Duǫ|2 + κ)α−3[2(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]ξ2 dx.
Proof. It suffices to estimate the first three terms in the right hand side of the identity given
in Lemma 6.1. Obviously,
−
∫
U
ξiku
ǫ
ku
ǫ
i |Du
ǫ|2(|Duǫ|2 + κ)α−2ξ dx ≤
∫
U
(|Duǫ|2 + κ)α+1|D2ξ||ξ| dx.
By Young’s inequality, we have
− 2
∫
U
|Duǫ|2(|Duǫ|2 + κ)α−2uǫiku
ǫ
kξiξ dx
≤
η
2
∫
U
|D2uǫDuǫ|2(|Duǫ|2 + κ)α−2ξ2 dx+ C(η)
∫
U
(|Duǫ|2 + κ)α|Dξ|2 dx.
Write
K = −2
∫
U
(|Duǫ|2 + κ)α−3[(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]uǫiξi∆∞u
ǫξ dx.
If α ≥ 2, by Young’s inequality, we have
K ≤ 2
∫
U
|D2uǫDuǫ|(|Duǫ|2 + κ)α−2[(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]|Dξ||ξ| dx
≤
η
2
∫
U
|D2uǫDuǫ|2(|Duǫ|2 + κ)α−3[(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]ξ2 dx
+ C(η)(α − 1)
∫
U
(|Duǫ|2 + κ)α|Dξ|2 dx
If α < 2, by Young’s inequality, we have
K ≤ 4
∫
U
|D2uǫDuǫ|(|Duǫ|2 + κ)α−1|Dξ||ξ| dx
≤
η
2
∫
U
|D2uǫDuǫ|2(|Duǫ|2 + κ)α−2ξ2 dx+ C(η)
∫
U
(|Duǫ|2 + κ)α|Dξ|2 dx
as desired. 
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Now we prove Lemma 3.6 via Corollary 6.2.
Proof of Lemma 3.6. We consider the four cases separately.
Proof of (i): Case α = 2. By Lemma 6.2 with α = 2 and κ = 0, have
(2 − η)
∫
U
|D2uǫDuǫ|2ξ2 dx+ 2ǫ
∫
U
|∆uǫ|2ξ4 dx ≤ C
∫
U
|Duǫ|4|Dξ|2 dx− 2
∫
U
f ǫ∆uǫξ2 dx.
By integration by parts we have
−2
∫
U
f ǫ∆uǫξ2 dx =
∫
U
uǫk[f
ǫξ2]k dx = 2
∫
U
uǫkf
ǫ
kξ
2 dx+ 4
∫
U
uǫkξkf
ǫξ dx.
Observe that ∆∞u
ǫ + ǫ∆uǫ = −f ǫ implies that
f ǫ|Duǫ| ≤ |D2uǫDuǫ||Duǫ|2 + 2ǫ|∆uǫ||Duǫ|.
We have
4
∫
U
uǫkξkf
ǫξ dx ≤
∫
U
|D2uǫDuǫ||Duǫ|2|Dξ|ξ dx+ 2ǫ
∫
U
|∆uǫ||Duǫ||Dξ|ξ dx
≤ η
∫
U
|D2uǫDuǫ|2ξ2 dx+ C(η)
∫
U
|Duǫ|4|Dξ|2 dx
+ ηǫ
∫
U
|∆uǫ|2ξ2 dx+C(η)ǫ2
∫
U
|Dξ|2 dx.
Therefore, we have∫
U
|D2uǫDuǫ|2ξ2 dx+ ǫ
∫
U
|∆uǫ|2ξ4 dx
≤ C
∫
U
|Duǫ|4|Dξ|2 dx+ C
∫
U
f ǫi u
ǫ
iξ
2 dx+ Cǫ2
∫
U
|Dξ|2 dx
as desired.
Proof of (ii): Case α ≥ 3. By Lemma 6.2 with α ≥ 3 and κ = 0, we have
α(1− η)
∫
U
|D2uǫDuǫ|2|Duǫ|2α−4ξ4 dx+ αǫ
∫
U
|D2uǫDuǫ|2|Duǫ|2α−4ξ2 dx
≤ C(η)(α− 1)
∫
U
|Duǫ|2α|Dξ|2 dx− 2α
∫
U
f ǫ∆uǫ|Duǫ|2α−4ξ2 dx.
By integration by parts we have
− 2α
∫
U
f ǫ∆uǫ|Duǫ|2α−4ξ2 dx
= 2α
∫
U
uǫk[f
ǫ|Duǫ|2α−4ξ2]k dx
= 2α
∫
U
uǫkf
ǫ
k|Du
ǫ|2α−4ξ2 dx+ 4α
∫
U
uǫkξkf
ǫ|Duǫ|2α−4ξ dx
+ 4α(α − 2)
∫
U
f ǫ∆∞u
ǫ|Duǫ|2α−6ξ2 dx.
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By Young’s inequality, we have
4α
∫
U
uǫkξkf
ǫ|Duǫ|2α−4ξ dx ≤ C(η)α
∫
U
|Duǫ|2α|Dξ|2 dx+ ηα
∫
U
(f ǫ)2|Duǫ|2α−6ξ2 dx.
Applying ∆∞u
ǫ = −∆uǫ − f ǫ we obtain
4α(α − 2)
∫
U
f ǫ∆∞u
ǫ|Duǫ|2α−6ξ2 dx
= −4α(α− 2)ǫ
∫
U
f ǫ∆uǫ|Duǫ|2α−6ξ2 dx− 4α(α − 2)
∫
U
(f ǫ)2|Duǫ|2α−6ξ2 dx
≤ C(α)ǫ
[∫
U
(∆uǫ)2ξ2 dx
]1/2 [∫
U
(f ǫ)2|Duǫ|4α−12ξ2 dx
]1/2
− 4α(α − 2)
∫
U
(f ǫ)2|Duǫ|2α−6ξ2 dx.
Combining all estimates together we arrive at the desired result.
Proof of (iii): Case 2 < α < 3. By Lemma 6.2 with κ > 0 and α > 2, it suffices to estimate
K = −
∫
U
f ǫ∆uǫ(|Duǫ|2 + κ)α−3[2(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]ξ2 dx.
Via integration by parts, we write
K = −α
∫
U
f ǫ∆uǫ(|Duǫ|2 + κ)α−2ξ2 dx+ (α− 2)κ
∫
U
f ǫ∆uǫ(|Duǫ|2 + κ)α−3ξ2 dx
= α
∫
U
uǫi [f
ǫ(|Duǫ|2 + κ)α−2ξ2]i dx− κ(α− 2)
∫
U
uǫi [f
ǫ(|Duǫ|2 + κ)α−3ξ2]i dx
= α
∫
U
uǫif
ǫ
i (|Du
ǫ|2 + κ)α−2ξ2 dx− κ(α− 2)
∫
U
uǫif
ǫ
i (|Du
ǫ|2 + κ)α−3ξ2 dx
+ 2α
∫
U
uǫiξif
ǫ(|Duǫ|2 + κ)α−2ξ dx− 2κ(α− 2)
∫
U
uǫiξif
ǫ(|Duǫ|2 + κ)α−3ξ dx
+ 2α(α − 2)
∫
U
∆∞u
ǫf ǫ(|Duǫ|2 + κ)α−3ξ2 dx
− 2κ(α − 2)(α− 3)
∫
U
∆∞u
ǫf ǫ(|Duǫ|2 + κ)α−4ξ2 dx
= K1 + · · · +K6.
Notice that
K2 ≤ Cκ
α−3/2
∫
U
|Df ǫ|ξ2 dx
and
K4 ≤ Cκ
α−3/2
∫
U
|f ǫ||Dξ||ξ| dx.
By Young’s inequality, we have
K3 ≤ C
∫
U
|Dξ|f ǫ(|Duǫ|2 + κ)α−3/2|ξ| dx
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≤ C
∫
U
|Dξ|2(|Duǫ|2 + κ)α dx+ η
∫
U
(f ǫ)2(|Duǫ|2 + κ)α−3ξ2 dx.
Applying ∆∞u
ǫ = −ǫ∆uǫ − f ǫ, by 2 < α < 3 we further obtain
K5 +K6 = −2α(α− 2)ǫ
∫
U
∆uǫf ǫ(|Duǫ|2 + κ)α−3ξ2 dx
+ 2κ(α − 2)(α− 3)ǫ
∫
U
∆uǫf ǫ(|Duǫ|2 + κ)α−4ξ2 dx
− 2α(α − 2)
∫
U
(f ǫ)2(|Duǫ|2 + κ)α−3ξ2 dx
+ 2κ(α − 2)(α− 3)
∫
U
(f ǫ)2(|Duǫ|2 + κ)α−4ξ2 dx
≤ Cǫ
[∫
U
(∆uǫ)2ξ2 dx
]1/2 [∫
U
(f ǫ)2(|Duǫ|2 + κ)2α−6ξ2 dx
]1/2
− 2α(α − 2)
∫
U
(f ǫ)2(|Duǫ|2 + κ)α−3ξ2 dx.
Combining all estimates together we arrive at the desired result.
Proof of (iv): Case 3/2 < α < 2. By Lemma 6.2 with κ > 0 and 3/2 < α < 2, it suffices
to estimate the term K as in the (iii). Write K = K1+ · · ·+K6 as in (iii). The estimates for
K2, · · · ,K4 are the same as there. For K5 and K6, applying f
ǫ = −∆∞u
ǫ − ǫ∆uǫ we have
K5 +K6 = −2α(α − 2)
∫
U
(∆∞u
ǫ)2(|Duǫ|2 + κ)α−3ξ2 dx
− 2α(α − 2)ǫ
∫
U
∆∞u
ǫ∆uǫ(|Duǫ|2 + κ)α−3ξ2 dx
+ 2κ(α − 2)(α− 3)
∫
U
(∆∞u
ǫ)2(|Duǫ|2 + κ)α−4ξ2 dx
+ 2κ(α − 2)(α− 3)ǫ
∫
U
∆∞u
ǫ∆uǫ(|Duǫ|2 + κ)α−4ξ2 dx
= K5,1 +K5,2 +K6,1 +K6,2
Note that
K5,2 +K6,2 ≤ Cǫκ
α−5/2
[∫
U
(∆uǫ)2 dx
]1/2 [∫
U
|D2uǫDuǫ|2 dx
]1/2
Moreover by
−K5,1 −K6,1 +
∫
U
|D2uǫDuǫ|2(|Duǫ|2 + κ)α−3[2(|Duǫ|2 + κ) + (α − 2)|Duǫ|2]ξ2 dx
≥
∫
U
|D2uǫDuǫ|2(|Duǫ|2 + κ)α−3[2(|Duǫ|2 + κ) + (α− 2)|Duǫ|2]ξ2 dx
− 2α(2 − α)
∫
U
|D2uǫDuǫ|2|Duǫ|2(|Duǫ|2 + κ)α−3ξ2 dx
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− 2κα(1 − α)
∫
U
|D2uǫDuǫ|2|Duǫ|2(|Duǫ|2 + κ)α−4ξ2 dx
≥ α(2α − 3)
∫
U
|D2uǫDuǫ|2|Duǫ|2(|Duǫ|2 + κ)α−3ξ2 dx
+ 2κ[1 − α(1− α)]
∫
U
|D2uǫDuǫ|2(|Duǫ|2 + κ)α−3ξ2 dx
≥ min{α(2α − 3),
1
2
}
∫
U
|D2uǫDuǫ|2(|Duǫ|2 + κ)α−2ξ2 dx.
Notice that 3/2 < α < 2 implies that
α(2α − 3) > (2α − 3) and 2[1− α(2 − α)] ≥
1
4
.
Letting η < 116(2α−3) <
1
16 , combining all estimates together we obtain the desired result. 
Proof of Lemma 3.3. Letting α = 2 and κ = 0 and replacing ξ by uǫξ3 in Lemma 6.1 we have
2
∫
U
|D2uǫDuǫ|2(uǫξ3)2 dx+ 2ǫ
∫
U
|∆uǫ|2(uǫξ3)2 dx+
∫
U
〈Duǫ,D(uǫξ3)〉2|Duǫ|2 dx
= −2
∫
U
uǫi(u
ǫξ3)i∆∞u
ǫuǫξ3 dx−
∫
U
(uǫξ3)iku
ǫ
ku
ǫ
i |Du
ǫ|2uǫξ3 dx
− 2
∫
U
|Duǫ|2uǫiku
ǫ
k(u
ǫξ3)iu
ǫξ3 dx−
∫
U
f ǫ∆uǫ(uǫξ3)2 dx.
With a slight calculation, it can be further writen as
2
∫
U
|D2uǫDuǫ|2(uǫ)2ξ6 dx+ 2ǫ
∫
U
|∆uǫ|2(uǫ)2ξ6 dx
+
∫
U
|Duǫ|6ξ6 dx+ 15
∫
U
〈Duǫ,Dξ〉2|Duǫ|2(uǫ)2ξ4 dx
= −5
∫
U
|Duǫ|2∆∞u
ǫuǫξ6 dx− 6
∫
U
uǫiξi∆∞u
ǫ(uǫ)2ξ5 dx
− 12
∫
U
uǫiξi|Du
ǫ|4uǫξ5 dx− 3
∫
U
ξiku
ǫ
ku
ǫ
i |Du
ǫ|2(uǫ)2ξ5 dx
− 6
∫
U
|Duǫ|2uǫiku
ǫ
kξi(u
ǫ)2ξ5 dx− 2
∫
U
f ǫ∆uǫ(uǫ)2ξ6 dx
For the first two terms, we have
− 5
∫
U
∆∞u
ǫ|Duǫ|2uǫξ6 dx− 6
∫
U
uǫiξi∆∞u
ǫ(uǫ)2ξ5 dx
= −5ǫ
∫
U
∆uǫ|Duǫ|2uǫξ6 dx− 6ǫ
∫
U
uǫiξi∆u
ǫ(uǫ)2ξ5 dx
+ 5
∫
U
f ǫ|Duǫ|2uǫξ6 dx+ 6
∫
U
uǫiξif
ǫ(uǫ)2ξ5 dx
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≤
1
16
ǫ
∫
U
(∆uǫ)2(uǫ)2ξ6 dx+ Cǫ
∫
U
|Duǫ|4ξ6 dx+ Cǫ
∫
U
|Duǫ|2(uǫ)2ξ4|Dξ|2 dx
+
1
16
∫
U
|Duǫ|6ξ6 dx+ C
∫
U
(fuǫ)3/2ξ6 dx+ C
∫
U
[f(uǫ)2|Dξ|]6/5ξ6 dx
≤
1
8
ǫ
∫
U
(∆uǫ)2(uǫ)2ξ6 dx+
1
8
∫
U
|Duǫ|6ξ6 dx
+ C
∫
U
ξ6(fuǫ)3 dx+ C
∫
U
(uǫ)6|Dξ|6 dx
+ Cǫ3
∫
U
ξ6 dx+ Cǫ3
∫
U
|Dξ|3(uǫ)3|ξ|3 dx.
By Young’s inequality, we have
− 12
∫
U
uǫiξi|Du
ǫ|4uǫξ5 dx− 3
∫
U
ξiku
ǫ
ku
ǫ
i |Du
ǫ|2(uǫ)2ξ5 dx
≤
1
8
∫
U
|Duǫ|6ξ6 dx+ C
∫
U
[|Dξ|2 + |D2ξ||ξ|]3(uǫ)6 dx.
Similarly,
− 6
∫
U
|Duǫ|2uǫiku
ǫ
kξi(u
ǫ)2ξ5 dx
≤
1
8
∫
U
|D2uǫDuǫ|2(uǫ)2ξ6 dx+ C
∫
U
|Duǫ|4(uǫ)2|Dξ|2ξ4 dx
≤
1
8
∫
U
|D2uǫDuǫ|2(uǫ)2ξ6 dx+
1
8
∫
U
|Duǫ|6ξ6 dx+ C
∫
U
(uǫ)6|Dξ|6 dx.
Finally, by integration by parts we obtain
−
∫
U
f ǫ∆uǫ(uǫξ3)2 dx
=
∫
U
uǫi [f
ǫ(uǫξ3)2]i dx
=
∫
U
uǫif
ǫ
i (u
ǫξ3)2 dx+ 2
∫
U
|Duǫ|2f ǫuǫξ6 dx+ 6
∫
U
uǫif
ǫ(uǫ)2ξiξ
5 dx
≤
∫
U
|Duǫ||Df ǫ|(uǫξ3)2 dx+
1
8
∫
U
|Duǫ|6ξ6 dx
+ C
∫
U
(f ǫuǫ)3/2ξ6 dx+ C
∫
U
(f ǫ)6/5(uǫ)12/5|Dξ|6/5|ξ|24/5 dx
≤
1
8
∫
U
|Duǫ|6ξ6 dx+
∫
U
|Duǫ||Df ǫ|(uǫξ3)2 dx
+ C
∫
U
(f ǫuǫ)3/2ξ6 dx+ C
∫
U
(uǫ)6|Dξ|6 dx.
Combining all estimates together with we obtain the desired result. 
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Proof of Lemma 3.9. Without loss of generality, we may assume that P (x) = cx2. Then
|c| = |DP |, DP = ce2 and 〈Du
ǫ,DP 〉 = cuǫ2. Replacing ξ by (u−cx2)ξ in Lemma 6.1, letting
α = 4 and κ = 0 we have
4
∫
U
|D2uǫDuǫ|2|Duǫ|4(u− cx2)
2ξ2 dx+ 4ǫ
∫
U
|∆uǫ|2|Duǫ|4(u− cx2)
2ξ2 dx
+
∫
U
〈Duǫ,D[(u− cx2)ξ]〉
2|Duǫ|6 dx
= −4
∫
U
|Duǫ|4uǫi [(u− cx2)ξ]i∆∞u
ǫ(u− cx2)ξ dx
−
∫
U
[(u− cx2)ξ]iku
ǫ
ku
ǫ
i |Du
ǫ|6(u− cx2)ξ dx
− 2
∫
U
|Duǫ|6uǫiku
ǫ
k[(u− cx2)ξ]i(u− cx2)ξ dx
−
∫
U
f ǫ∆uǫ|Duǫ|4[(u− cx2)ξ]
2 dx
= J1 + · · ·+ J4.
Firstly, we note that∫
U
〈Duǫ,D[(u− cx2)ξ]〉
2|Duǫ|6 dx
=
∫
U
[〈Duǫ,Du−DP 〉2]ξ2 + 2〈Duǫ,Du−DP 〉〈Duǫ,Dξ〉
+ 〈Duǫ,Dξ〉2(u− cx2)
2]|Duǫ|6 dx
≥
1
2
∫
U
〈Duǫ,Du−DP 〉2|Duǫ|6ξ2 dx−
∫
U
〈Duǫ,Dξ〉2|Duǫ|6(uǫ − cx2)
2 dx
≥
1
2
∫
U
〈Duǫ,Du−DP 〉2|Duǫ|6ξ2 dx−
∫
U
|Dξ|2|Duǫ|8(uǫ − cx2)
2 dx.
Next, we have
J1 + J3 = −4
∫
U
|Duǫ|4uǫi(u− cx2)i∆∞u
ǫ(uǫ − cx2)ξ
2 dx
− 4
∫
U
|Duǫ|4uǫiξi∆∞u
ǫ(uǫ − cx2)
2ξ dx
− 2
∫
U
|Duǫ|6uǫiku
ǫ
k(u− cx2)i(u− cx2)ξ
2 dx
− 2
∫
U
|Duǫ|6uǫiku
ǫ
kξi(u− cx2)
2ξ dx
≤
[∫
U
|D2uǫDuǫ|2ξ2 dx
]1/2 [∫
U
|Duǫ|12|Du−DP |2(uǫ − cx2)
2ξ2 dx
]1/2
SOBOLEV REGULARITY FOR INHOMOGENEOUS ∞-LAPLACE EQUATION 37
+
∫
U
|D2uǫDuǫ|2|Duǫ|4(uǫ − cx2)
2ξ2 dx+ C
∫
U
|Duǫ|8|Dξ|2(uǫ − cx2)
2 dx
We also have
J2 = −
∫
U
uǫiku
ǫ
ku
ǫ
i |Du
ǫ|6(u− cx2)ξ
2 dx− 2
∫
U
(uǫ − cx2)iξku
ǫ
ku
ǫ
i |Du
ǫ|6(u− cx2)ξ dx
−
∫
U
ξiku
ǫ
ku
ǫ
i |Du
ǫ|6(u− cx2)
2ξ dx
≤
[∫
U
|D2uǫDuǫ|2ξ2 dx
]1/2 [∫
U
|Duǫ|12|Du−DP |2(uǫ − cx2)
2ξ2 dx
]1/2
+
1
8
∫
U
〈Duǫ,Duǫ −DP 〉2|Duǫ|6ξ2 dx
+
∫
U
|Duǫ|8(|Dξ|2 + |D2ξ||ξ|)(uǫ − cx2)
2 dx.
By integration by parts, we obtain
J4 =
∫
U
uǫi [f
ǫ|Duǫ|4(u− cx2)
2ξ2]i dx
= 2
∫
U
∆∞u
ǫf ǫ|Duǫ|2(u− cx2)
2ξ2 dx+
∫
U
uǫif
ǫ
i |Du
ǫ|4(u− cx2)
2ξ2 dx
+ 2
∫
U
uǫif
ǫ|Duǫ|4(u− cx2)i(u− cx2)ξ
2 dx+ 2
∫
U
uǫif
ǫ|Duǫ|4(u− cx2)
2ξiξ dx
≤
∫
U
|D2uǫDuǫ|2|Duǫ|4(uǫ − cx2)
2ξ2 dx+
1
8
∫
U
〈Duǫ,Duǫ −DP 〉2|Duǫ|6ξ2 dx
+ C
∫
U
|Duǫ|2(f ǫ)2ξ2(uǫ − cx2)
2 dx+ C
∫
U
|Duǫ|8|Dξ|2(uǫ − cx2)
2 dx
+ C
∫
U
|Duǫ|4f ǫi u
ǫ
iξ
2(uǫ − cx2)
2 dx.
Combining all estimates together we arrive at∫
U
〈Duǫ,D[(u− cx2)ξ]〉
2|Duǫ|6 dx
≤
[∫
U
|D2uǫDuǫ|2ξ2 dx
]1/2 [∫
U
|Duǫ|12|Du−DP |2(uǫ − cx2)
2ξ2 dx
]1/2
+ C
∫
U
[|Duǫ|8(|Dξ|2 + |D2ξ||ξ|) + |Duǫ|2(f ǫ)2ξ2](uǫ − cx2)
2 dx
+ C
∣∣∣∣∫
U
|Duǫ|4f ǫi u
ǫ
iξ (u
ǫ − cx2)
2 dx
∣∣∣∣
as desired. 
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